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Preface

It gives me great pleasure to introduce Volume 53 of Annual Reports on
NMR Spectroscopy. As is customary with this series of reports, the power of
NMR throughout science is reflected in the diverse nature of the topics
contained in this volume.

The first account is on ‘Phase Incremented Pulses in NMR with
Applications’ by S. Zhang, this is followed by ‘Advances in NMR Studies of
Liquid Crystals’ by R. Y. Dong, H. C. Bertram and H. J. Anderson report on
‘Applications of NMR in Meat Science’, ‘NMR Characterization of
Mechanical Waves’ is covered by G. Madelin, N. Baril, J. D. de Certaines,
J.-M. Francone and E. Thiaudiere, the next account is on ‘Aspects of
Coherence Transfer in High Molecular Weight Proteins’ by P. Permi, the
final chapter is on ‘Local Dynamics in Polypeptides studied by Solid State
H NMR’ by T. Hiraoki, S. Kitazawa and A. Tsutsumi.

It is with gratitude that I offer my thanks to all of these reporters and to the
production staff at Elsevier for their considerable help in the creation of this
volume.

Royal Society of Chemistry G. A. WEBB
Burlington House January 2004
Piccadilly

London, UK
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Phase incremented pulse (PIP) in NMR was used around the early 1980s to
achieve frequency-shifted excitation while preserving the phase coherence
among the RF pulses applied before and after the PIP. At that time, the
amount of frequency shift and the locations of all the effective RF fields were
well-known. The strengths and phases, on the other hand, remained under
explored until a theory about PIP was presented in 1996. It turned out that all
the effective RF fields could be described by only two more terms: a scaling
factor and a universal phase shift. Thereafter, the phase shifted unsym-
metrical excitation bands by a PIP became apparent. Later, a procedure for
establishing the phase coherence in PIPs was introduced. As a result, the
Bloch vector model that was used almost solely in the conventional rotating
frame is now applicable to multiple Eigenframes of PIPs as if it were still in
the conventional rotating frame and a number of NMR experiments, such as
the broadband inversion, Hahn spin echo, and offset modulated composite
pulse, all composed of PIPs, were constructed systematically. In addition,
some of the applications of the PIPs in decoupling and selective excitation
were developed and the RF interference in the form of the Bloch-Siegert offset
shift was addressed quantitatively by a near neighbour approximation.

1. INTRODUCTION

46
48
50
50
51
52
53
57
62
64
64

The successes of various NMR experiments rely utterly on the schemes of the
radio frequency (RF) pulse sequences.' ® To accomplish a certain task, a spin
system inside a strong magnet must be excited with a precise frequency, an
appropriate phase, a desired flip-angle, and at a right time. It is a pertinent
metaphor for composing a piece of harmonic music with notes, chords,
dynamics, and rhythms, as analogized by Ernst at his hometown Winterthur
shortly after he received the 1991 Nobel Prize in chemistry. To the experienced
NMR ‘composers’ who design pulse sequences, these tones are well-known.
However, what is often ignored is the phase coherence in RF pulses — the right
phase relationship among the RF pulses applied at different times. The phase
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coherence must be maintained within each scan and it is, fortunately, achieved
by the NMR instruments themselves with a reference frequency that comes
from the same source as that of the RF pulses. Therefore, human intervention
is usually not required for keeping the phase coherence. It is no longer
guaranteed whenever a frequency jump is executed in a pulse sequence. An
arbitrary phase can be introduced, leading to a broken phase coherence.
Unpredictable results may occur if the phase coherence, which is necessary in
a pulse sequence, is not fulfilled (Fig. 1). The problem associated with the
frequency jump can be solved by using a number of numerical controlled
oscillates (NCO), each tracking a single frequency. A different NCO is used
when a frequency jump is encountered. An alternative way is to use a
frequency synthesizer that is capable of a phase memory. A compensation for
an appropriate phase can be provided by the synthesizer each time the RF
pulse returns to the carrier frequency from a frequency jump.

Vot h L]
JH@«A ﬂm #ﬁ‘y@,i h{ﬁrl %WL‘[{@ el i(,..m.l‘._,.. ir.,,#ﬁrwﬂ.(,

] -

Two RF channels for 3Cq and *CO One RF channel for 13C, and 13CO

Fig. 1. Repeated first increment of a HCACO experiment using one and two RF
channels for '*C, and '>CO pulses. Marked with circles are the artifacts with random
phases due to the lack of phase consistency between the '*C, and '*CO RF pulses.
Although the two '*C RF channels used for the spectra on the left are derived from the
same 10 MHz reference, the 1*C, and '*CO RF channels are naturally set to different
frequencies, and their respective RF pulses operate in different rotating frames, resulting
in a random relative phase between the two channels from one scan to another. As the
B3¢, and '*CO RF pulses typically are not completely selective, the lack of phase
consistency between the two frameworks leads to the observed artifacts of pseudo-
random phase from spins affected by both pulses. When phase and amplitude
modulation is used to derive the '*C, and '>CO pulses from a single RF channel, as
can be seen with the spectra on the right, the phase relationships between the pulses
and the receiver are stable and the artifacts are cancelled by phase cycling. This
problem was first observed in the Kay laboratory in 1992. It was forwarded to Varian
where the problem was recognized as the phase consistency between multiple RF
channels as defined above. The advantage of using phase and amplitude modulations
to derive pulse sequences of phase consistent pulses at a variety of frequencies applied
equally to both sequential and simultaneous RF pulses. Courtesy of Steve H.
Smallcombe, Varian NMR Instruments and Lewis E. Kay, University of Toronto.
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The phase coherence can also be achieved simply by using a linearly phase
incremented pulse (PIP) without resorting to additional hardware. Since all
the RF pulses utilized for constructing a PIP have the same carrier, no
frequency jump is involved. Consequently, phase coherence between the RF
pulses applied before and after the PIP is reserved naturally.

In the early 1980s, phase modulated pulses,” '* for broadband decoupling
for example, and PIPs,'*'” for achieving mainly a frequency-shifted excita-
tion, were used. Kay and Bax used a PIP to suppress the solvent peak that
was not on-resonance'® and the other to generate a PIP of multiple fre-
quencies with only a single waveform generator.'” Extensive use of PIPs
appeared until the emergence of the triple-resonance and three dimensional
experiments pioneered by Kay, Bax, Griesinger, Serensen, Ernst, and many
others.'®

In spite of the frequency-shifted excitation, the quantized PIP inevitably
excites multiple sidebands located at n/At (n=+1,+2,...) from the
centre band. An attempt was made'® to calculate the excitation profile of
multiple bands created by a PIP of a constant RF field strength, using an
approximate method based on the Fourier analysis. The accuracy of the
method relies partly on the linear response of the spin system, which is,
unfortunately, not true in most cases except for a small angle excitation. In
addition, the spins inside a magnet consitute a quantum system, which is
sensitive not only to the strengths but also to the phases of the RF fields. Any
classical description is doomed to failure if the quantum nature of the spin
system emerges.

Due to the large number of steps in a PIP, each with a phase increment, it is
quite discouraging to calculate directly the response of a PIP. This obstacle,
however, can be lifted largely by introducing a new or the second rotating
frame (in contrast to the conventional rotating frame), in which the phase of
the PIP is periodic. As a result, all the strengths and phases of the effective
RF fields, which are responsible to the excitation profile of multiple bands, can
be derived analytically as discussed in Section 2.7

The excitation profile of multiple bands was also known for periodic RF
pulses, such as the DANTE (delays alternating with nutation for tailored
excitation) sequence.”® Similar to the PIP, all the phases and strengths of the
effective RF fields can be obtained by expanding the periodic pulse into
a Fourier series and properly rearranging the terms afterwards.”’ Detailed
calculation, comparison with the PIP, and the excitation profiles by a periodic
pulse of fi,|sin(xt/T)|I. and a DANTE sequence are presented in Section 3.

Because of the coexistence of the multiple effective RF fields, the RF
interference appears in each excitation band.”” The interference may be
neglected if the strengths of any two interacting RF fields are much weaker
than the frequency separation between them. Otherwise, the RF interference
is noticeable and needs to be taken into account in the calculation of the
excitation profile.
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The RF interference associated with an infinite number of effective RF fields
is a typical problem addressed by the Floqute theory.”**? To solve the
problem, one may, however, face the diagonalization of a matrix with infi-
nite dimensions, which is often unlikely to be done analytically. Certain
approximations, such as the perturbation method, may be used.*

In most cases, each excitation band is determined largely by its corres-
ponding RF field and is perturbed by the neighbouring fields. Under such
circumstances, the RF interference can be derived by the coherent averaging
theory. This approach shows that each RF field contributes to an excitation
profile, an offset shift that is termed the Bloch-Siegert offset shift (BSOS).*
Since the BSOS is inversely proportional to the separation of the two inter-
acting RF fields, only a few near neighbours need to be taken into account,
resulting in a near neighbour approximation (NNA). The RF interference
and NNA will be covered in Section 4.

PIPs are adopted in numerous HCN triple-resonance experiments for
13C- and ""N-double-labelled proteins, where '*C,, or '*CO needs to be excited
separately to achieve selective coherence transfer or homonuclear decoup-
ling.**® The '*CO, centred at 174 ppm, and the '°C,, centred at 56 ppm, have
approximate chemical-shift ranges of 20 and 30 ppm, respectively. In
the excitation of one band, the other band is somewhat affected due to the
off-resonance effects.'> For instance, in the middle of the evolution time
of the 13C,, a 180° '*CO PIP, with a carrier located at the centre of the *C,,,
is used for homonuclear decoupling. To minimize the disturbance to the °C,,
restriction on the strength of the PIP is often imposed. Nevertheless, a non-
linear Bloch-Siegert phase shift (BSPS)**** is introduced to all the '*C,
peaks, in addition to the losses of both the transverse and longitudinal
magnetizations.*

The BSPS can be corrected by adding an additional '*C, pulse at a later
time.**** However, the loss of magnetizations is usually unrecoverable by
this method. It was also shown by McCoy and Mueller that the BSPS can be
corrected by applying a compensating pulse on the other side of the peak of
interest.** This idea was tested quite successfully for a long (1.6 ms) sech
adiabatic inversion pulse, where the pulsewidth becomes less crucial in the
BSPS compensation. It is, however, quite different to compensate the BSPS
by a short PIP. An improper pulsewidth can create distortions to the longi-
tudinal and transverse magnetizations so severely that the scheme of the
BSPS compensation may not work at all. The compensation of BSPS with
an additional PIP will be introduced in Section 5.

The idea of using the linear phase increments to achieve frequency-shifted
excitation can be adopted almost to any pulses, such as hard (amplitude fixed)
pulses, shaped pulses, and even adiabatic inversion pulses. Unlike any other
pulses, the adiabatic pulses have already used non-linear phase increments
for tilting the effective RF field slowly compared with the Larmor frequency
of the spins in the rotating frame in order to fulfill the adiabatic condition.
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Even under such a circumstance, the linear phase increments can still be
implemented in a similar manner to any PIPs. The overall effect is to shift the
whole adiabatic inversion band or decoupling range to a new location that
is Af=Ag/(2nAt) away from the original one. It is also possible to create
multiple adiabatic inversion bands with a single waveform generator® or
to make an additional frequency-shifted adiabatic pulse for compensation of
the Bloch-Siegert frequency shift*® (BSFS) encountered in '>C homonuclear
adiabatic decoupling.*’** These are the subjects of Section 6.

Unlike the phase coherence in RF pulses, the phase coherence in PIPs is
no longer maintained by the NMR instruments,* at least not by the current
NMR instruments. In Section 7, a method is presented for establishing the
phase coherence in PIPs for a spin system subjected to multiple PIPs in a pulse
sequence. The calculation is done in a rotating frame with a speed of
2w Af= Ap/At relative to the rotating frame. This particular frame is defined
as the Eigenframe, in which the phase of the centre band RF field of the PIP
is stationary. More importantly, the phase differences between different
Eigenframes can be attributed to the initial phases of the PIPs, making it
possible to use the Bloch vector model even in different Eigenframes. As
a result, a new way to construct composite pulses is provided with not only
amplitude and phase modulations but also offset modulation.

Although at the time of preparing this chapter, most of the materials
have been published as can be inferred from the references, it is a wonderful
opportunity to present them here as an integrated piece of work with a broad
focus, unified derivation, and logical order. To make it easier for the readers,
most of the derivations, simple or complicated, are shown in great detail.
For the majority of NMR readers, it is not difficult to understand, if not the
theories, the concepts and ideas and to use them in constructing PIPs of
their interest.

2. MULTIPLE EFFECTIVE RF FIELDS CREATED BY A PIP
2.1. The definition of a PIP
A PIP is composed of a series of back-to-back pulses of an equal width At as

shown in Fig. 2. In addition to an initial phase ¢, assigned to all the steps, a
phase increment Ag (— 180° < Ap < 180°) is implemented in the following way

0, 0<t<AT
Ag, AT <t < 2AT
2A0q, 2AT <t < 3AT
w(1) = oy : (1)

(N —2)Agp, (N=2)At<t<(N-1)At
(N — DA, (N—-1)At <t < NAt
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1L

7 T | 1
0 At 3At 5AT AT time (f) NAT
R B +
0 Ap 3A9 5AQ TAP phase (¢) (N-DAg

Fig. 2. A Gaussian shaped PIP with a phase increment Ag, time increment At, total
number of steps N, RF field strength fj(k) (for the kth step), and initial phase ¢q=0.
Reprinted from Ref. 25 with permission from the American Institute of Physics
publications.

where N is the total number of steps and 7= NAt is the pulsewidth of the
PIP. The RF field strength for each step is fixed and is denoted by fi(k), where
k is an index of the step. In general, any PIP can be expressed as PIPAf
(00, A, AT, fi(k), steps), where Af'=(A¢@/2n A7) is the frequency shift of the
PIP in units of kHz.

2.2. Theory of PIP

For a non-interacting spin-1/2 system subjected to a PIP of an arbitrary
shape, the Hamiltonian in the rotating frame with a RF carrier frequency f¢
can be written as'~

H = (fo — fir)l- +f1(l)e_i[“’(’)+*"°]Izlrei[“’(’)+"’0]lz
= 8L + fi(1)e” WO +wll: [ ool + ool (in Hz), )

where 27fy = w, is the Larmor frequency of the spins in the external magnetic
field, f1(¢) is the RF field strength, and §=/;, — fir is the offset in the rotat-
ing frame. The phase incremented part in the second term of Eq. (2) can be
expressed as

oD+ ol 1, 10 + ol

— e_i(w.\'t""WO)[: [e[[th_w(l)]]z Ive_i[wx’ - ‘p(t)]]z]ei(wst""wO)[:
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— %e*i(thﬂpo)lz (I, + ily)eia(t) + (I — l-]y)e*ia(f)]ei(wvt+wo)1_7

— %efi(w;hL ®o)1- [[+eiot(l) iy e*iﬂt(f)]ei(wxﬂrtpo)l;, (3)

where wy;= Ap/At=2nAf, a(t)=wg—¢(t), and the ladder operators of
I, =I.+4il,and I_ =1.—il, with their properties under transformation'>°

e eV = [ 7, (4a)

e S L (4b)

According to the definition, «(f) in Eq. (3) is a periodic function of ¢ with
a period of At as shown in Fig. 3. Through the above procedure, the phase
o(1), as it appeared in the exponential in Eq. (2), is now separated from the
product of ¢(r)I.. Consequently, both terms of ¢~ and ¢, which are
the function of ¢(7), can be expanded into a Fourier series of complex
exponentials®!

o0
el — Z a,e'® AV £ mAT (m integer), (5a)

n=—00

o0
o) — Z ate TN L AT (5b)

n=—00

6AP
5AQ-
4A0-
3A0-
2001

AP

) +—

phase (¢)

al(t)
o >
2

0 At JAT  3AT 4AT 5AT 6AT  time(r)
Fig. 3. The phase ¢(t) of a PIP (step function) and of a linearly increased phase wt
(straight line) in the rotating frame (top). The difference of the two phases a(?) = w,t —
@(1) is periodic with a period of At (bottom), where — «(¢) is the phase in the second
rotating frame with a speed of w, relative to the rotating frame.
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with the expansion coefficients

1 AT
a, = — e—io:(l)e—i(2nrr/Ar)rdt’ (6)

At

where the expansion is performed over the first period, in which «(f) = wt,
due to the periodic nature of ¢®® and e~ ™", At t=maAr, ¢*” and
e~ ™ pecome non-continuous and at these jump points, the Fourier series
in Egs. (5a) and (5b), according to the Dirichlet theorem, converge to the
arithmetic mean of the right-hand and left-hand limits of their own functions
respectively

1 —iA@
> e =t (7a)
n=—0o0
N
> a = — (7b)
n=—0oo

These jump points, however, will not contribute to the evolution of the spin
system since they have infinitesimal durations and therefore have no
accumulative effects.

The expansion coefficients in Eq. (6) can be calculated straightforwardly

1 AT ) ) 1 AT )
ay = — e—la(t)e—l(anr/Ar)ldt — _/ e—l((2nrr/Ar)+(A<p/Ar))ldt
AT 0 TJo
= L[]
2nm + Ag)
_ 2sin(Ag/2) o—i(B0/2)
(2n71 + Ag)
= )me—i(Aw/z)’ (8)
where
2sin(A¢/2)
g =] )
2nm + Ag)

is a scaling factor of the nth effective RF field and e~ 4%/?

shift of — Ag/2 to all the effective RF fields.

introduces a phase
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It follows from Egs. (5), (8), and (3), that

o0
[0 4 [ om0 — Z A, [ [ e i@m/ai=(ag/2) | ei((Znn/Ar)tf(Awﬁ))]

n=—0o0

00
) Z Ane—i((2}1n/At)t — (A(p/Z))[:Ixei((Znn/Ar)r —(Ap/2)L, , (10)

n=—00

where Egs. (4a) and (4b) are used.
Substitution of Egs. (3) and (10) into Eq. (2), the Hamiltonian becomes

o)
H) = 8L +£i(1) Y dye TCTA + 01 =80/l AT +n) = (Ap/2)anll

n=—0o0

(11)

where w, = (2nw/At). The above equation shows that a PIP can be decom-
posed into an infinite number of effective RF fields applied simultaneously
and separated equally in the frequency domain. The nth effective RF field,
for example, is represented by

£ (0o 1CTATF o= (8o + ol [ AOTAS +0)~(B0/2) + el (12)

where the frequency of the nth field is shifted by (Af+ w,/27) from the
carrier, the field strength is scaled by A,, and the phase is subjected to a shift
of — Ag/2. Since this phase shift is introduced to all the effective RF fields
it is termed the universal phase shift (UPS)

A
UPS = —7‘”. (13)

According to Egs. (8) and (9), the effective RF fields are scaled unsymmet-
rically (in respect to the sideband number n) by the scaling factor A,
in response to the unsymmetrical excitation profile. When A, <0, the nth
effective RF field becomes negative, which corresponds to a sign change of
the operator I, from positive to negative, or equivalently, a 180° phase shift
is introduced to the nth effective RF field. Consequently, a phase inversion
occurs in the transverse magnetization of the nth excitation band.

Even though all the effective RF fields have the same shape fi(7), the
excitation profiles of different bands, strictly speaking, are not identical due
to the different scaling factors and non-linear response of the spin system.
They are, however, fairly close to each other, especially for those bands with
comparable scaling factors.
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2.3. Transformation between the rotating frame and
the second rotating frame

All the effective RF fields created by a PIP are shifted from the carrier
frequency f,r. To calculate the nth excitation band for example, a trans-
formation from the rotating frame to a new one (or the second rotating
frame) is often needed, where the nth field plays the role of a new carrier. This
transformation can be achieved by a unitary operator of’

U,(t) = e_i(ijAf"Fwn)ﬂz' (14)

After the calculation in the second rotating frame, a back transformation,
in general, is needed to return to the conventional rotating frame

or(t) = Uy(D)orr(t) U, (1), (15)

where ozg(7) is the density matrix in the second rotating frame and it is the
superposition of I, I,, and /.. The transformation corresponds to a rotation
of orr(t) around I. with a rotation angle

&n = (277Af+ (,(),7)1' = 277Af“[’ (16)

leading to an additional phase shift. In the above equation, (t/A7)=N as an
integer is used and 27Afr (=(Agp/At)t=A¢ x N) can be considered as the
total phase increment of the PIP (the actual phase is incremented up to
(N—1)A¢ as shown in Eq. (1) and Fig. 2 since the first step has a phase
of 0°). The phase shift ¢, in Eq. (16) is independent of the sideband number
n and it vanishes if a PIP is designed with a total phase increment

2w Aft = 2mm  (m integer), (17)

which corresponds to a coincidence of the two frames at time 7.

2.4. Energy conservation law in PIPs

As any RF pulse, each effective RF field created by a PIP dissipates
power to the probe. The power by the nth effective field for the kth step,
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for example, can be expressed as

kAt
(k) o - f (i () Ao~ TCTAFrO—(B0/2)0m])
AT J—1)ar

x (fi(k)Aye 1T toi—(Ae/ el y* gy

=[P, (18)
where both fi(k) and A, are real and time-independent. It can be easily shown
that in the calculation of power dissipation, any interference term between
two different effective RF fields, f1,, and fi, (m#n) for example, vanishes.
Consequently, the total power dissipated by all the effective RF fields is then

D Pak)yoc Y SRR =120 Y A (19)

n=—0oo n=—0oo n=—0o0

On the other hand, the total dissipated power by the PIP can be derived
directly

kAT

1
Po(y o [ pi 0= £ 0)

(k—1)At

It follows from Egs. (19) and (20) that the scaling factors of any PIP must
satisfy the condition of

o0
=1, (1)
o0

n=—

in order to observe the energy conservation law in PIPs.
Equation (21) can also be shown by the following property of the Fourier
analysis™

00

<//|f) = |an|2(wn|¢n)a (22)

n=—

where f is a continuous function, «, are the coefficients of the Fourier
expansion, and ¥, = ¢~ are the orthogonal Eigenfunctions.

Because of the energy conservation law, the RF field strength of the centre
band is scaled down to give up its energy to the effective RF fields of the
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sidebands. To reduce the loss of the field strength of the centre band, the
sideband excitations need to be minimized.

2.5. The symmetry of the scaling factors

The scaling factors of a PIP [Eq. (9)] as a function of Ag are plotted in Fig. 4
for n= —2 to 2, from which one can see that the scaling factor A,(Ag) is not
equal to its counterpart

Mi(Ag) # An(Ap). (23)

It leads to unsymmetrical excitation bands in respect to the sideband number 7.
However, the scaling factor remains unchanged if both the side band number n
and the phase increment Ag change sign

Mn(Ag) = A_p(=Ag). (24)

This symmetry implies that the RF field strengths for the sideband number n
and its counterpart —n exchange if A¢ changes the sign, which can also be
inferred from Fig. 4.

In the limiting case

(25)

A@ (degree)

Fig. 4. The scaling factors A, (n= —2 to 2) of any PIPs as a function of the
phase increment Ag, where Ao(Ap)=nro(— Agp) and Li(Ap) =t _1(— Ap), M(Ap)=
L _o(=Ag).
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This result is expected and in agreement with the energy conservation law in
PIPs since under the above condition, the PIP reduces to a normal RF pulse
with no phase increment. Consequently, the sideband excitations vanish and
there is no scaling and UPS for the centre band.

From Eq. (9), it can also be shown that the minimum and maximum
absolute values of A, (n#0) always occur at Ap— =+, i.e.,

. 2
[Anlmax = A¢1g7n|kn(A¢)| = ‘(Zn—l)n > (26a)
Mnlmin = Lm  |[A,(A@)| = 2 (26b)
”mm_Aw—Hr mael = (21’!—}-1)7[’
for n>0, and
A = 1 A(Ap)| = 2 (26¢)
[Anlmax = A¢12n| 2(Ag)| = Qn+ D > C
Milmin = Iim |[A,(A@)| = 2 (26d)
rlmin = 4 I A SO = o D
for n<0. It follows from the above four equations that
PRI U R— (7a)
nimax — —nlmax — (2|n| _ 1)7[’
nbmin = Pl = =—— @7)
nimmn — —nlmmn — (2|n| + 1)7_[_9
P I A p— @70)
nlmin — n|+1Imax — (2|I’l| ¥ 1)7‘[
For the centre band, it can be shown that
Aomax = lim )VO(AQO) =1, (283)
Ap — 0°
. 2
Aomin = lim  Ao(Ag) = —. (28Db)
Ap — Em b

A conclusion can be drawn from Egs. (26) to (28) that the greater the |n|, the
weaker the effective RF field strength

[Ao(AQ)] = [A1(AQ)| = [A2(A@)| = [Ax3(A@)] -+, (29)

for any Ag.
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2.6. The constrain on the phase increment

In Section 2.1, the phase increment is defined in the range of —7<A¢p=<m
and it sets a boundary of the frequency shift (Fig. 5)

_Aﬁnax = Aff Aﬁnax» (30)

where Afmax = (A@/2nAt)=1/(2A71). These conditions, however, are not
imposed upon the theory of PIPs. A phase increment Ap=nw+¢c(0<e<m)
for instance is an eligible value to be used in the calculation of the effective
RF fields. Correspondingly, the frequency shift of the centre band

A
Af=-2%

&
\ :27TA‘L’ _T:Afmax"'(sfa (31)

=A
\fmax + oA

which falls outside the boundary as shown in Fig. 5; the scaling factor

2sin[(7 + ¢)/2]
T+e

2sin[(7 + €)/2]

)\’ =
120l p——

; (32)

‘ < Aol =

and the location of the sideband for n= —1 falls into the boundary of the
frequency shift, a territory designated for the centre bands.

All the above results, which are true but not desired, can be avoided by
using a complementary phase increment

Ap=(m+e)—2n=—-m+e. (33)
Folding of the RF Field
Af
of ‘ Ap>T
5 f Frequency
'Af max Af; max
Carrier

Boundary of the Frequency-Shift

Fig. 5. The boundary of the frequency shift, — Afax < Af < Afmax (=1/(2A7)),
formed by any PIPs with a range of phase increment —7 < Ag¢ < m. A phase
increment Ag > 7 creates a frequency shift Af > Afn.x but the strongest RF field
(n= —1, in this case) is shifted to a negative position as if it were folded into the
boundary from the centre band.
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Under this condition, the frequency shift of the centre band becomes

Ag £
= = —A _
2nAT max + 2nAT

Af = _Afmax + (Sf, (34)

which falls inside the boundary; the scaling factor

2sin|[(—m + €)/2
[Aol = 2sinl(=m +£)/2] > Ml =
—T+ €

2sin[(—7 + £)/2]| (35)
T4e ’

and the locations of the sideband RF fields fall outside the boundary. Except
for the sideband number n and the sign of the scaling factors, the overall
results of the two cases, including the frequencies, phases, and strengths of
all the effective RF fields, are the same and they are summarized in Table 1.
As shown above, a phase increment Ag>mw(Ap<2m) will not create
a frequency shift Af of the strongest RF field greater than Af,..=1/(2A7).
Rather, the strongest field is shifted to a negative position as if it were folded
into the boundary of the frequency shift from the original centre band (Fig. 5),
resembling the folding of NMR peaks into the spectral window caused by
a slower sampling rate than the Nyquist frequency. The folded RF field can
be derived with the complementary phase increment Ag — 2. However, the
easiest way for avoiding the confusions is to define a range of the phase
increment, — <A@ <, as defined in Section 2.1. In this way, the centre
band RF field of the strongest field strength falls inside the boundary while
all the sideband RF fields of weaker field strengths fall outside the boundary.

Table 1. Comparison between the results by two PIPs, one with a phase increment
of Ap=234° and the other with a complementary phase increment of Agp= —126°.
For both PIPs, the time increment Atr=>50 pus and RF field strength f; =1.235 kHz.
The phase includes a UPS= — (A¢/2) and a 180° if A,,<0

Phase increment Ap=234°

Sideband number n -2 -1 0 1 2
Frequency (kHz) fn =33 —13 13 33 53
Scaling factor An —0.210 —0.810 0.436 0.172 0.107
Field strength (kHz) f}, 0.259 1.000 0.539 0.212 0.132
Phase 0, 63° 63° —117° —117° —117°
Complementary phase increment Ap= —126°

Sideband number n -1 0 1 2 3
Frequency (kHz) fn =33 —-13 13 33 53
Scaling factor A 0.210 0.810 —0.436 —0.172 —0.107
Field strength (kHz) f}, 0.259 1.000 0.539 0.212 0.132

Phase 0, 63° 63° —117° —117° —117°
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With Egs. (9) and (11), the same effective RF fields are derived for Ap=mw
and Ap= — 7 since the two phase increments are indistinguishable.

2.7. Computer simulation of the excitation profiles

To verify the theory of PIP, a computer program using C language was
developed. It can be used to directly calculate the excitation profiles by PIPs
or any other RF pulses. The calculation is based on the Bloch vector model
for a non-interacting spin-1/2 system, where the spin-lattice relaxation during
the pulse is neglected. The basic idea of the program is discussed as follows.

The kth increment of a PIP creates a kth rotation around its effective
RF field'

o {(Brm ~Dok71 o Prnk -1), (36)
where o _; is the density operator just before the kth step of a PIP and ny
is a unit vector of the kth step defined in terms of the field strength f;(k), phase
o, and offset §

e SiR)c0S(1)
)+ 8
_Sik)sin(py)

Ny = —F/———,
LRk e
)
I

(37a)
(37b)

Nz = ————= (37¢)

/ iz(k) 482

and the kth rotational angle is determined by

Br = 2m,/f2(k) + 82 AT, (37d)

where all steps are assumed to have the same width Ar.
The rotation described by Eq. (36) can be expressed by a 2 x 2 matrix™’

cos(%) — ing.sin ('32/‘> (—ingyx — ngy)sin <'32k>

(—inkx + ngy)sin (%) cos (%) + ing.sin (%)
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The overall rotation by a PIP is then
R=Ry - RyRy, (39)

where R is also a 2 x 2 matrix. In the above representation, the three
operators I, I,, and I, are the well-known Pauli matrices®

1o 1 110 —i If[1 0

The three components of the final magnetization, which are normalized and
the function of the offset §, can be obtained by

(I)(8) = 2TtlluRooR"], &= x, .2, (41)
where o, is the initial density matrix and is often represented by Z.. The

phase of the excitation profile, which depends also on the offset 8, can be
calculated by

B(8) = cos™! (1:)(9) , if (1,)(8) = 0, (42a)
JULIGF + L) OF
3(5) = —cos™! U@ L)) <0 (42b)

JILIGF + ) OF

The overall rotation angle for a particular offset § can also be obtained from
the rotation matrix defined in Egs. (38) and (39)

B(8) = 2cos™ {Re[Ru ()]}, (43)
where R;{(8) is the element of the rotation matrix of R(3).

In a similar way, the overall rotation axis as a function of the offset can be
derived from the rotation matrix

_ —Im[R,x(9)]
_ —Re[R;x(9)]
n.(5) = —IMIR1OG) (44c)

sin(B/2)
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From the above rotation axis, the phase of the effective RF field of a PIP can
be calculated

X 6’1 .

6(6,) = cos—! | ) | 1,(8,) > 0, (45a)
5 (8n) + m(8,)

0,(8,) = —cos ™! 7:(8) if 1,(8,) < 0, (45b)

Jr6)+n26)

where 8, = (Af+ w,/2n) is the offset at which the nth effective RF field resides.
Further, from the rotation angle ,(5,) [Eq. (43)] and the axis [Eqs. (44a) to
(44c¢)] it is straightforward to obtain the field strength fi,, and the scaling
factor A,, of the effective RF field.

It is worth mentioning that the phase 6,(5,) is computed in the rotating
frame and the result is the same as in the second rotating frame with a speed of
2nAf+ w, relative to the carrier frequency if the PIP satisfies the condition
of 2 Aft=2mm. Otherwise, the simulated phase may be different from the
calculated one and may lose its physical meaning since there are numerous
ways to rotate a magnetization from the initial position to the final
destination. To avoid this problem, the PIP may be prolonged or shortened
to meet the condition of 2w Aftr =2mm and one can get the phase 6,, which
is independent of the length of the PIP as long as the condition is satisfied.
The phase for the original PIP can then be obtained through a proper
frame transformation discussed in Section 2.3.

2.8. The excitation profile by a PIP

A Gaussian shaped PIP10 (0°, 144°, 40 s, fi(k), 125) is constructed with
f1(k)=0.1577 exp[ — 0.002(k — 63)?] kHz, k=1,2,...,125 and a pulsewidth
=5 ms. Under those conditions, the frequency shift of the PIP Af=(A¢/
2nrAt)=10 kHz, the frequency separation between the adjacent RF fields
A =(1/At)=25 kHz, and the UPS= —72°. All the scaling factors A, can
be calculated from Eq. (9). Disregarding the scaling factor A,, the RF field
for the centre band is a 90° pulse and the amplitude of each band can be
calculated in terms of

A, = |sin(x, 90°)]. (46)

All the parameters of the PIP are listed in Table 2 for n = — 2 to 2, together with
the results obtained from the computer simulation discussed in Section 2.7.
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Table 2. The frequencies f,, phases 6,, scaling factors A, of the effective RF fields and
the amplitudes 4,, of the excitation bands created by a Gaussian shaped PIP10 (0°, 144°,
40ps, fi(k), 125) with fi(k)=0.1577 exp[ — 0.002 x (k — 63)’] kHz and a total phase
increment 2w Aft =2mm

Sideband number n -2 -1 0 1 2
Frequency fn (kHz) —40 —15 10 35 60
Computer simulated
Amplitude A, 0.293 0.712 0.928 0.333 0.197
Phase 0, 108.0° 108.0°  —72.0° —=72.0° —=72.0°
Scaling factor A —0.189  —0.505 0.757 0.216 0.126
Calculated
Amplitude A, 0.293 0.712 0.928 0.333 0.197
Phase 0, 108° 108° —72° —72° —72°
Scaling factor - —0.189  —0.505 0.757 0.216 0.126

Reprinted from Ref. 25 with permission from the American Institute of Physics publications.

For n= —1 and — 2, the scaling factors A,, <0, a phase inversion occurs as
discussed above. The phases of the effective RF fields (n= —1, —2) become
0, =UPS +180° = — 72° + 180° =108°. Since this PIP satisfies the condition
of 2nAfr=100 [Eq. (17)], the transformation from the second rotating
frame back to the rotating frame is not necessary. The computer simulated
peaks are slightly shifted (several Hertz), due to the interference between the
effective RF fields which will be discussed in Section 4. For comparison, the
values of A4, and 6, in Table 2 are taken at the calculated frequencies f,,.
The calculated values of A4, and 6, agree well with the computer simulated
ones indicating the accuracy of the theory of PIP.

The excitation bands (n= —2 to 2) of the PIP are shown in Fig. 6. As
expected, it appears to be unsymmetrical regarding the centre band at 10 kHz
in response to the unsymmetrical scaling factors.

For comparison, another PIP is constructed with the same parameters as
the previous one except for the phase increment Ap=0.827. For this PIP,
27 Aftr=102.57 and a back transformation from the second rotating frame
to the conventional rotating frame is needed. It corresponds to adding 0.57
(90°) to the phase (RR) in the second rotating frame. The final phases 6, of
the effective RF fields in the rotating frame agree well with the computer
simulated results as shown in Table 3.

In some cases only the frequency-shifted centre band is desired and the
sideband excitations need to be minimized. This can be achieved by using a
small Ag. For instance, if |Ag| <30°, [Ao(Ag)| >0.9886, and |L,(Ap)| <0.0899
for any n except for n=0. In this case, the field strength of the centre band is
only slightly affected and the field strengths of the sidebands are negligibly
small. Furthermore, the sideband can be moved to outside the spectral width
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n=-2 -1 0 1 2

-40 -15 10 35 60
offset (kHz)

Fig. 6. Computer simulated excitation bands (n = — 2 to 2) by a Gaussian shaped PIP
(Table 2), where the centre band (n=0) is shifted to 10 kHz and the spectral width
of each band is 4 kHz. The amplitudes of the profiles are asymmetric in response to
the asymmetric effective RF fields.

Table 3. The frequencies f,, phases 6, of the effective RF fields and the amplitudes A4,
of the excitation bands created by a Gaussian shaped PIP with the same parameters
as that in Table 2, except for a A¢=0.827 and 27 Aft=(2m+0.5)7

Sideband number n -2 -1 0 1 2
Frequency f«(kHz) —39.75 —14.75 10.25 35.25 60.25
Computer simulated
Amplitude A, 0.297 0.727 0.921 0.334 0.198
Phase 0, —163.8° —163.8° 16.2° 16.2° 16.2°
Scaling factor A —0.192 —0.518 0.746 0.217 0.127
Calculated
Amplitude A, 0.297 0.727 0.921 0.334 0.198
Phase (RR) 0, 106.2° 106.2° —738° —738° —73.8°
Phase 0, —163.8° —163.8° 16.2° 16.2° 16.2°
Scaling factor A —0.192 —0.518 0.746 0.217 0.127

Reprinted from Ref. 25 with permission from the American Institute of Physics publications.

by using a small time increment At so that (1/At)>the spectral width. To
obtain a frequency shift Af=25 kHz for example, one may choose Ap=7/10
and Atr=2 ps. The sidebands for n= +1 are located at (1/A7)=500 kHz
away from the centre band, which is usually far outside the spectral width.
The UPS can be compensated by adding an initial phase ¢o= — UPS = Ag/2
to all the steps of the PIP or by anti-symmetrizing the PIP as discussed in
Section 4.5.
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3. MULTIPLE EFFECTIVE RF FIELDS CREATED BY
A PERIODIC RF PULSE

3.1. Periodic pulse

It is well-known that the excitation profile by a periodic pulse also has
a pattern of multiple bands in response to the multiple effective RF fields.
The DANTE sequence,?® for instance, was one of the most frequently used
periodic pulse in the past for selective excitation of a narrow centre band.
It is constructed by a long train of hard pulses with a certain delay between
two adjacent pulses. The advantage of using the DANTE sequence over the
weak, soft RF pulses relies on that it is not necessary to change the RF
power level in the pulse sequence. Consequently, phase distortions and
certain delays accompanied by the abrupt changes of the RF power level are
avoided.

In general, a periodic pulse is composed of multiple identical shaped pulses
and each shaped pulse is in turn composed of a number of back-to-back hard
pulses with same or different strengths. The periodic pulse can be described
by its x and y components of the RF field, i.e., f;,(¢) and f;,(f) with a period
of T and a pulsewidth 7. These two components satisfy the periodic condi-
tions of fi (14 T)=/1(?) and f1,(t + T) =/1,(t), respectively.

3.2. Calculation of the effective RF fields by a periodic RF pulse

For a non-interacting spin-1/2 system subjected to a periodic RF irradiation,
the Hamiltonian in the rotating frame can be expressed as'*

H(1) = 3L + fix(DI + f1,(1) I, (in Hz). 47)

The x and y components of the RF field in the above equation can be
expanded into a Fourier series of complex exponentials’’

00
flot(l) = Z anaelw”ra o =X,Y, (48)

n=—00

where w, =2nm/T and the complex expansion coefficients

T
P f Fra(D)e @ dt. (49)
T Jo
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Here a_,, = a, since fi,(f) is real. With the above expansion, the term

f1()1, in Eq. (47) can be rearranged in the following way

iwnt —iwpt

(anee " + a_pe

), = 2lanl [Re(am)cos(a)n fH— Im(am)sin(cont)} L

| e
= 2|Clna|[COS(9na)COS(a)n [) - Sin(ena)Sin(wn t)]Ioz
= 2|apgl[cos(wpt + Oua) o

_ |ana | [efi(w_,, t+0_e) 12 Ioc ei(w—nl+9—nn)1:

4 e @O | iOnt+o)l (50)

where lane| = \/l{e(anot)2 + Im(ana)z = la_pal, w,= (27/17T/T) = —W_p and the
phase

Onee = ®COS_1(Re(ana)/|ana|), (513)
with
L[ +1 i Im(ae) = 0
0= { —1, if Im(a,) <O0. (51b)
Since a_,, = a;a or Re(afna) = Re(ana)s Im(afna) = Im(ana)a and | —ne| =
|la,|, it follows from Egs. (51a) and (51b) that
O_ng = —Ona. (51C)
Substitution of Egs. (48) and (50) into Eq. (47), one obtains
0 — . .
H — (SIZ + Z [f'lx)\'nxe_l(wnt"’gﬂx)lzIxel(a’n["'erz,\')lz
n=—00
+]_(‘ly)\‘nye_i(wlz[+0n_\’)[: Iye"(wnt‘"on)‘)]:]’ (52a)

where

~ T
o= (1/T) /0 fraldt, a=x.y, (52b)
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are the average values of the effective RF fields, and

Ang = |ana|/}71a (520)

and 6,, defined in Eq. (51a) are the scaling factors and phases of the nth
effective RF field, respectively. In Eq. (52c), f;, # 0 is assumed. In case of
fio =0, the effective RF field of the centre band vanishes (this may not be
true for the sidebands), which is usually not a desired periodic pulse.

Similar to the PIP, the Hamiltonian [Eq. (52a)] of a periodic pulse shows
an infinite number of effective RF fields with both x and y components of the
scaling factors A, and the phases 6,,. The periodic pulse, however, acquires
a different symmetry as that of the PIP. From Eq. (52¢) and a_,, = a,,, it
follows that the scaling factor A,, is symmetric in respect to the sideband
number 7, while the phase 6, is anti-symmetric according to Eq. (51c). These
symmetries seem to be a coincidence arising from the mathematical
derivations. As a matter of fact, they are the intrinsic natures of the periodic
pulse. Considering the term fi(¢)/, for instance, any /, component created
by the rotating field denoted by w, must be compensated at any time ¢ by
its counter-component w_, in order to reserve the amplitude modulated
RF field.

3.3. Energy conservation law in periodic pulses

As in the PIP, each effective RF field dissipates power to the probe. The total
power over a period of T by all the effective RF fields can be described by

i Pnot(T) [e¢ i .}_(1201)‘1%0( :/_{1201 i )"501' (53)

n=—00 n=—o00 n=—00

The dissipated power can also be calculated directly from the periodic pulse

1 T
Pperiodic pulse(T) & 7—,/ flza(t)dt Zflzarmss (54)
0

where f2,. . is the root-mean-square value of the RF field. To observe the
energy conservation law in periodic pulses, the scaling factors must fulfill the
condition of

o 2
A2, =f‘—_“;ms : (55)
oo

n=— Jla
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Similar to the case of the PIP, the more power dissipated by the RF fields of
the sidebands, the less the power of the centre band.

3.4. Excitation profiles by periodic pulses

A periodic 90° pulse is going to be discussed first and then a DANTE
sequence follows. The periodic pulse is described by fi./sin(zw?/T)|I,, with
a period T =100 ps, f;,=0.0257 kHz, and a pulsewidth = 5 ms.

According to Eq. (49), the expansion coefficients of the pulse can be
obtained conveniently

Lo .
a, = —/ Sfixlsin(e/ T)|e " dt
T Jo

_2f1x
@2 -’ (36)
from which the scaling factors and phases can be deduced using Egs. (52b),
(52¢), and (51a) to (5lc¢)

and
{ZZ z 0—007,1 =180°, n#0. (58)
The Hamiltonian of this periodic pulse becomes [refer to Eq. (52a)]
H =35I+ Hix i Dopo @O T i@,t40,)1: (59)

T
n=-—00

where 2f),/m is the average value of the pulse strength. The amplitude of
each excitation band is determined by

A, = [$in(3,90°)]. (60)

Since hg=1 and 6,=0, there is no scaling and phase shift for the centre
band excitation which is created simply by the average RF field. All other
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Fig. 7. The excitation profiles (n= —2 to 2) by a periodic pulse of f,.[sin(xt/T)|L,,
where the solid lines are computer simulated results, solid circles are calculated
with the effective RF fields, and open circles are obtained from the Fourier
transformation of the RF shape. In the computer simulation, the pulse is composed
of 4001 steps and has a pulsewidth t=35 ms. Reprinted from Ref. 27 with permission
from Elsevier.

excitation bands are subjected to scaling in pulse strengths and shifts in
phases. It is well-known that an analytical excitation profile can be obtained
if one knows the pulse strength and phase of the RF field. Therefore, the
excitation bands by the effective RF fields for n= —2 to 2 are derived as
shown in Fig. 7 together with the results obtained directly from the computer
simulation of the RF field fi,|sin(st/T)|I.. The results from the Fourier
transformation method of the pulse shape are also shown, where the ampli-
tude of the centre band is normalized to 1 for comparison. The calculated
results agree well with the computer simulated ones, while the results from the
Fourier transformation deviate substantially mainly due to the non-linearity
and quantum nature of the spin system. For the same reason, the shapes of
the excitation sidebands are different for different sideband numbers |n|.
On the other hand, no matter what the sideband number # is, the Fourier
transformation method creates a uniform shape, differing only in amplitudes.
It is a unique trait arising from the method.

As shown in Table 4, the strengths of the effective RF fields are symmetrical
while the phases are anti-symmetrical in terms of the sideband number » as
expected for a periodic pulse (refer to Section 3.2). In addition, the calculated
results agree well with the computer simulated ones.

As a second example, a DANTE sequence is taken into account with
a period 7'=200 ps, the pulsewidth of a single pulse d=10 ps, pulse strength
fix=1 kHz, and pulsewidth T=35 ms. As in the previous case, the expansion
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Table 4. The frequencies f,, phases 6,, scaling factors A, of the effective RF fields,
and the amplitudes 4, of the excitation bands created by a periodic pulse of fi,[sin

(mt/T)|I,, with 4001 steps and a pulsewidth 7=15 ms

Sideband number n -2 —1 0 2
Frequency fukHz) =20 —10 0 20
Computer simulated
Amplitude A, 0.105 0.500  1.000 0.105
Phase 0, 180.0° 180.0° 0.0° 180.0°
Calculated
Amplitude A, 0.105 0.500  1.000 0.105
Phase 0, 180° 180° 0° 180°
Scaling factor A 1/15 1/3 1 1/15

Reprinted from Ref. 27 with permission from Elsevier.

coefficients, scaling factors, and phases can be obtained straightforwardly

1 (7 ‘
a, = ?A flx(l)e‘_lw"tdt

d
=f17¥/ e—i(anr/T)td[
0

_ Six | . (2nm . 2nm
= sin — il 1 —cos T , n#0, (6la)
a0 = —fix, (61b)
and
. (nm
An = ‘—dmn(TJ)‘, n#0, (62a)
Ao =1, (62b)
and
n:—l[@modn}, n+#0, (63a)
lnf L| T
6y=0 (63b)
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Table 5. The frequencies f,, phases 6, scaling factors A, of the effective RF fields, and
the amplitudes 4,, of the excitation bands created by a DANTE sequence

Sideband number n —10 -5 0 5 10
Frequency fu(kHz) =50 -25 0 25 50
Computer simulated
Amplitude A, 0.841 0.988 1.000 0.988 0.841
Phase 0, 90.0° 45.0° 0.0° —45.0° —90.0°
Calculated
Amplitude A, 0.842 0.988 1.000 0.988 0.842
Phase 0, 90° 45° 0° —45° —90°
Scaling factor A 0.637 0.900  1.000 0.900 0.637

Reprinted from Ref. 27 with permission from Elsevier.

For |nnd/T| <m, a linear phase shift is introduced as a function of sideband
number n

nmd
0, = — T (64)

Since Ao =1 and 6, =0, the excitation profile of the centre band is equivalent
to that by a pulse with the same pulsewidth and the average pulse strength, in
agreement with the earlier conclusion.?

The scaling factors, phases, and amplitudes for n= —10,—35, 0, 5, and 10
are shown in Table 5, along with the results from the computer simulation.
As expected, the scaling factors A, are symmetric while the phases 6, are
anti-symmetric.

4. NEAR NEIGHBOUR APPROXIMATION
4.1. RF interference

In both PIPs and periodic pulses, the Hamiltonians [Eqgs. (11) and (52a)] can
be generally expressed as

00
H(t) =8I + Z flne*f(wnﬂr@n)L]xei(w”HOn)L. (65)

n=—00

If the strengths of any two effective RF fields is much smaller than their
frequency separation, the RF interference between them is small and may
be ignored. The examples discussed in Sections 2 and 3 belong to this
category. On the contrary, if the strengths of the effective fields are much



PHASE INCREMENTED PULSES IN NMR WITH APPLICATIONS 29

stronger than their separation, the corresponding excitation bands may be
distorted so severely that it is hard to get an analytical solution. Otherwise, the
RF interference can be considered as a perturbation that can be calculated
with the coherent averaging theory.*

4.2. RF interference by two RF fields

The simplest way to explore the RF interference is to consider a Hamiltonian
with only two RF fields, the Oth and /st RF fields for example

H(l) _ 812 +f'loefi901:]xei901_, +fi]€7i(wl[+9])l’-lx€i(wl t+01)1- (ll'l HZ), (66)

where fio, f11 and 6y, 0; are the strengths and phases of the 0th and /st RF
fields, respectively.

According to the coherent averaging theory,
Hamiltonian can be obtained straightforwardly

3
3453 the zero-order average

=0 1

T
= ?/o H(1)dt = 8L + fioe ™" Ie™", (67)

where the contribution from the /st RF field in Eq. (66) is averaged to zero
over a period T (=2m/w;) and the pulsewidth t=mT (m integer) is assumed.
Similarly, the first-order average Hamiltonian can be derived

o T 153
ﬁ(“=$ / dn / [H(22), H(t1))dt
0 0

T it Jufio
= A e I.e 2AIZ+ X cos(610)1-, (68)

where A =(1/T) is the frequency separation and 6,y =06, — 6, is the relative
phase between the two RF fields.
It can be shown that the second-order average Hamiltonian has the form of

L _2 2 pT 13 5]
i /0 s /0 s /0 {TH(3), TH(2), H()T]

+ [H(1), [H(t2), H(t:)11} diy

/i Jiifio
= At

cos(010)8L. + -+, (69)
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where only the /. component is shown explicitly and all the /. and I,
components, which cause a small phase shift and disturbance of the excitation
profile, are ignored.

Up to the second order, the average Hamiltonian can be written as

H=H"+H" +H?

— 812 +ﬁ06_i90121,v€i901: afAll —i6) 1. I 6191

/i Jufio /i
A —9) I + —5 cos(619)1- A 8L+ -+, (70)

where 1+ (§/A)~ 1/[1 —(§/A)] has been used. Ignoring the sixth (high order)
term in Eq. (70) and all the other terms that are not shown explicitly, the
average Hamiltonian becomes

H= 812+fioe_i9°1:[xei9°1: fll —19111 0,1
13 Juifio
- 1. 010)1-. 71
a5t o5 cosen) (71)

In the above equation, the third term is introduced by the interference
between the /st RF field and the offset term 87, and it causes a small phase
shift; the fourth term is simply the BSFS introduced by the /st RF ficld alone;
and the fifth term is created by the interference between the two RF fields.

4.3. Bloch-Siegert offset shift

Due to the presence of the RF interference and the BSFS terms, §=0 in the
Hamiltonian [Eq. (71)] is no longer the on-resonance condition. According
to the definition, the on-resonance occurs when the sum of all the 7, compo-
nents in the Hamiltonian vanishes. This leads to the following equation

/‘1121 +'f11'f10 COS(Q]O) = 0 (72)

S_XA—® -4

with a solution of

5= % (A - \/Az + 4f11f10c0s(010) — 2fﬁ) = BSOS, (73)
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where the shift of the on-resonance is the BSOS. For |§/A| <1, the BSOS
can be obtained straightforwardly from Eq. (72)

.2 - 3
BSOS = % —% cos(619). (74)

Unlike the BSFS*® **->* and BSPS,**** ** where the precession of the mag-
netization is perturbed by a RF field during the evolution time, the BSOS is
caused by the perturbation field f}; during the excitation by another field fi,.

4.4. RF Interference by multiple effective RF fields

Since the zero-order average Hamiltonian of each RF field fi,,,(m #0) and the
first-order average Hamiltonians between any two RF fields f1,,,, f1,,, (m, n#0)
are averaged to zero, the results in Eq. (71) can be extended to 2m (from —m
to m, m#0) effective RF fields that interfere with the centre RF field fiq if
the contribution from the second-order average Hamiltonian [Eq. (69)] is
ignored or equivalently if [§/A|<<1. Under these conditions, the average
Hamiltonian for the centre RF field that interacts with 2m near neighbours
can be expressed as

n

_ . . 8fin _s .

H =61, +flOe 19<)1:]x61901: _ § A” e lalzlzlxelt"?ulz
n=—m,n#0 n

n 2
-y [ZJ%A —%cos(@no)}lz. (75)
n=—m, n#0

For the RF fields away from the centre or with a larger n, the effect of RF
interference to the centre excitation band can be neglected since nA occurs
in the denominator. In practice, it is often sufficient to consider only a few
near neighbours in the calculation, i.e., the NNA. The nearest neighbour
approximation, for example, takes only two neighbours with n= +1, and
it is denoted as NNAI. In general, an approximation that takes 2m
neighbours, from —m to m (m#0), is denoted as NNAm and the
corresponding BSOS is expressed as (refer to Egs. (74) and (75))

BSOS = Z i—-’Mcos(eno) . (76)
n=—m, n#0 2nA nA

Although the BSOS for NNAm in the above equation is derived for the centre
band, they are suitable for any other bands, as long as the right relative phases
and frequency separations are used.
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4.5. Anti-symmetrization of a PIP

As mentioned in Section 2, a phase = (1/2)A¢ can be added to all the steps of a
PIP to compensate the UPS. Alternatively, the UPS can be compensated by
splitting the first step of the PIP equally into two parts and moving the first
part to the end of the PIP (Fig. 8). This process is called anti-symmetrization
of a PIP since the phase of the final PIP is anti-symmetric. In general, an anti-
symmetrized PIP can be denoted as PIPAf(¢pq, 0° — Ap —0°, Az, fi(k), steps)
or PIPAfas in short. Disregarding the initial phase ¢, the PIPAfas is anti-
symmetric in the sense that the phase of any step fulfills the condition of
¢r= — N1 Where k is the index of steps and N is now the total number
of steps of the PIPAfas. The PIPAfas has one more step than the original PIP
but its pulsewidth remains unchanged. It starts at ¢; =0° and ends at ¢ =0°,
and the pulse satisfies (N — 1)Ag =2m, with an integer m. This condition is
in fact assumed in the derivation of the BSOS and therefore is necessary for
comparing the theoretical and simulated results.

Although the anti-symmetry process does not change the scaling factors
of the effective RF fields, it compensates the UPS for all the RF fields. In
addition, all the phases with an odd sideband number n are inverted, while
the others remain the same. This property can be shown by the following
analysis.

PIP

0° [144°] 288" 72° [216°| 0° |144°|288° | 72° [216°

Anti-symmetrized PIP

0°] 144° | 288°| 72" |216°| 0° [144° (288" | 72° |216°|0°

Fig. 8. The procedure for anti-symmetrizing a PIP. A PIP8(0°, 144°, 50 ps, 1.3214
kHz, 10) is shown on top and it is anti-symmetrized (bottom) by splitting the first
step into two equal parts and moving the first part to the end of the PIP. The total
number of steps (N=11) of the anti-symmetrized PIP increases by one but the
pulsewidth remains the same. The phase satisfies the condition of ¢y = —@n 1 ¢
Reprinted from Ref. 33 with permission from the American Institute of Physics
publications.
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Table 6. The frequencies f,, field strengths f},, phases 6,, and scaling factors %, of the
effective RF fields created by a PIP8(0°,144°, 50 ps, 1.3214 kHz, 10) and its anti-
symmetrized PIP8(0°, 0°—144°-0°, 50 ps, 1.3214 kHz, 11), respectively, where A,, and f,
are the same for both PIPs

Sideband number n -2 -1 0 1 2
Frequency (kHz) fn =32 —-12 8 28 48
Calculated
Scaling factor An —0.1892  —0.5046 0.7568 0.2162 0.1261
RF strength (kHz) f, 0.2500 0.6667 1.0000 0.2857 0.1667
Phase (PIPS) 0, 108° 108° —72° —72° —72°
Phase (PIP8as) 0, 180° 0° 0° 180° 0°
Polarization (L), 0.707 —0.500 —1.000 0.624 0.866
Computer simulated
Phase (PIPS) 0, 108.0° 108.0° —172.0° —72.0° —72.0°
Phase (PIP8as) 0, 180.0° 0.0° 0.0° 180.0° 0.0°
Polarization (L), 0.706 —0.502 —1.000 0.622 0.866

The computer simulated polarization (I.), is taken at the frequency where the BSOS is taken
into account. For example, the BSOS for the centre band is 30.6 Hz and the value of (I.), is taken
at 8.0306 kHz. Reprinted from Ref. 33 with permission from the American Institute of
Physics publications.

According to the theorem of Fourier analysis, a time shift of half a step
(At/2) of a PIP will correspondingly cause a phase shift in the frequency
domain™

0/7|:f<l + t>:| — ei(ZnAerw,,)Ar/ZF(ijAf_'_ Cl)n)

= 212" FQR Af + w,), (77)

which introduces a factor ¢"*%? that compensates the UPS = — (Ag/2) for all
bands and another one

(78)

o — 1 ‘ for even n
e™ foroddn”’

which creates a phase inversion if the sideband number 7 is odd (Table 6).

4.6. Simulation of BSOS by two RF fields

Assume two RF fields, both 90° pulses, are applied simultaneously with the
same pulse strength f1o=/1; =0.5 kHz and pulsewidth r=0.5 ms, where f; is
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Fig. 9. The BSOS as a function of the relative phase 0;o(=6; — 6,) between the
RF fields f}o and f1; where the solid line is a theoretical curve calculated with Eq. (74),
while the open circles are computer simulated directly from the two PIPs. f1o=0.5 kHz
and 0y=0°. f}; is created by a PIP10 (0°, 3.6°, 1.0 ps, 0.5 kHz, 500) that is
anti-symmetrized according to the procedure discussed in Section 4.5. Reprinted from
Ref. 33 with permission from the American Institute of Physics publications.

situated A =10 kHz away from fjy. The phase for the centre RF field 6, =0°
is fixed, while the phase 6; for fi; is varied from 0° to 360° in 10° steps. For
each value of 0y, an excitation profile is generated using the computer program
discussed in Section 2.7. The amount of the BSOS is determined by examining
the shift of the on-resonance condition, where the z-component of the overall
rotation axis is minimized.

The simulated result and the theoretical curve obtained from Eq. (74) are
shown in Fig. 9, where both positive and negative BSOS appear as mani-
fested by Eq. (74). In particular, when the relative phase 6;o=60° and 300°,
respectively, the BSOS caused by the two terms in Eq. (74) cancel as predicted.

4.7. Calculation of BSOS using the NNA

The anti-symmetrized PIP8(0°, 0°—144°-0°, 50 ps, 1.3213 kHz, 10) (Fig. 8) is
taken into account first. Figure 10 shows the inversion profile of the PIP8as
and Table 6 lists the scaling factors, RF field strengths, phases, and
polarizations for n= — 2 to 2. For the PIP8as, the UPS = — 72° for all bands
is compensated and a phase inversion occurs if n is odd (Table 6), in
agreement with the previous conclusions. Another phase inversion appears for
A <0 (n= —2and —1) as discussed in Section 2.2.

The BSOS for NNA1, NNA2, and NNA3 are calculated with Eq. (76) and
the results are shown in Table 7 together with the computer simulated results.
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Fig. 10. The inversion profile (n= — 2 to 2) created by an anti-symmetrized PIP8(0°,
0°-144°-0°, 50 ps, 1.3214 kHz, 11). Due to the RF interference, all the peaks are
shifted slightly and the shifted amounts can be calculated with the NNA as shown
in Table 7. Reprinted from Ref. 33 with permission from the American Institute of
Physics publications.

Table 7. BSOS (Hz) for NNA1 to NNA3 calculated with Eq. (76), along with the
computer simulated results from the anti-symmetrized PIP8(0°, 0°-144°-0°, 50 ps,
1.3214 kHz, 11)

Sideband number n -2 -1 0 1 2
Frequency (kHz) I -32 —-12 8 28 48
NNAI 16.9 —18.2 38.6 —36.2 —3.1
NNA2 36.2 —-10.2 27.7 —472 —11.7
NNA3 35.3 —13.1 32.1 —46.0 —13.3
Simulated (PIPS8as) 36.1 —12.0 30.6 —46.8 —143

Reprinted from Ref. 33 with permission from the American Institute of Physics
publications.

Compared with the simulated results, the percentage of error for the centre
band is about 26% for NNAI1 and it drops to 5% for NNA3, converging
rapidly as the number of neighbours increases.

Next, a periodic pulse fi./sin(rrt/T)|I, is considered, with fi,.=(/2) kHz,
T=50 ps, the pulsewidth t=0.5 ms, and a total number of steps N =1000.
According to the procedure illustrated in Fig. 8, the periodic pulse is
symmetrized (not anti-symmetrized) since the phases are the same for all the
steps. As a result, the strength of the symmetrized pulse satisfies the condition
of A()=A(T—1), 0<t<T.

The scaling factors, phases, and the strengths of the effective RF fields for
n= —2to 2 are shown in Table 8 and the BSOS for NNA1 to NNA3 is shown
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Table 8. The frequencies f,, field strengths f},, phases 6,, and scaling factors %, of the
effective RF fields created by a periodic pulse fi.|sin(zt/T)|1,

Sideband number n -2 —1 0 1 2
Frequency (kHz) I —40 —20 0 20 40
Calculated
Scaling factor I 1/15 1/3 1 1/3 1/15
RF strength (kHz)  fj, 1/15 1/3 1 1/3 1/15
Phase 0, — 180° — 180° 0° 180° 180°
Polarization (L), 0.978 0.500  —1.000 0.500 0.978
Computer simulated
Phase 0, —180.0° —180.0° 0.0° 180.0° 180.0°
Polarization (L), 0.978 0.500  —1.000 0.500 0.978

The computer simulated polarization (1), is taken at the frequency where the BSOS is taken into
account. Reprinted from Ref. 33 with permission from the American Institute of Physics
publications.

Table 9. BSOS (Hz) for NNAT1 to NNA3 calculated with Eq. (76), together with the
computer simulated results from the symmetrized pulse of f},[sin(t/T)|1,

Sideband number n -2 —1 0 1 2
Frequency (kHz) I —40 —20 0 20 40
NNAI1 1.7 42.7 0.0 —42.7 -1.7
NNA2 15.9 41.5 0.0 —41.5 —15.9
NNA3 16.5 41.3 0.0 —41.3 —16.5
Simulated 16.4 41.2 0.0 —41.2 —16.4

Reprinted from Ref. 33 with permission from the American Institute of Physics publications.

in Table 9. The BSOS is anti-symmetrical in respect to the sideband number n
due to the symmetrical RF fields and anti-symmetrical frequency separation
nA. It is balanced for the centre band. The convergence of the BSOS from
NNA1 to NNA3 is faster than the previous PIP because the strengths of the
effective RF fields fall rapidly as the sideband number n increases.

5. BLOCH-SIEGERT PHASE SHIFT COMPENSATED PIPS
5.1. Bloch-Siegert phase shift
Bloch-Siegert phase shift is usually introduced in homonuclear nuclear

decoupling with an inversion pulse that is far off-resonance to the spins in
precession. To minimize the disturbance, the strength of the inversion pulse
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is often restricted. For instance, to apply a 180° pulse on the CO in the
middle of the evolution time of the '*C, for homonuclear decoupling, the
pulse strength f; satisfies the relationships of'’

2nfit = 7, (79)

for the inversion of the '*CO, and

2m\/ Af? 4 f2t = 2mx  (m integer), (80)

for the null of the centre of '>C,, where Sretr = / Af? —i—f12 is the effective RF
field, 7 is the pulsewidth, and Af=118 ppm is the difference of the chemical
shifts between the centres of the '*C, and '*CO. It follows from Egs. (79) and
(80) that

N :Lf_ 81)

4m? — 1

To have a proper excitation range or the RF field strength, usually only m =1
or 2 is used, leading to f; = Af/+/3 and fi = Af/+/15, respectively.

The '*CO inversion pulse can be achieved by a PIP with the carrier placed
at the centre of the '*C,. This inversion PIP causes an additional procession
of the '*C, spins. The amount of the phase shift in the rotating frame of
the '*CO, where the centre of the '*CO spins is on-resonance to the inversion

PIP, can be calculated
gco ~ =2m\[(Af = 8) + [T, (82)

where § is an offset of a '>C, resonance measured from the carrier and the
minus phase implies that the '*C, has a lower Larmor frequency than that
of the '*CO. Since (Af—8) > f; (far off-resonance condition), this precession
is virtually around the z axis, otherwise uneven precession occurs in the x—y
plane. This precession, however, must be evaluated in the rotating frame
of C, since the carrier frequency is placed at the centre of '*C,.
A transformation of the rotating frame from the '*CO to '*C, frame is
therefore necessary, resulting in another phase of 2w Afr. Consequently, the
phase shift in the rotating (or '°C, ) frame

gc, A 2nAfT = 2m\ ) (Af — 8)* + fit

f12

~ 2 —
78T A=

nt, (83)
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where the first term is caused by the free precession of a '*C, spin with an
offset § and the second term is the BSPS caused by the '*CO inversion pulse

f
Af—6

BSPS = — 7T (84)

As shown in the above equation, the BSPS is non-linear in respect to the
offset 4.

5.2. Compensation of BSPS by a pair of complementary PIPs

Assume a 180° PIP is applied at the centre of the *CO in the middle of the
13C, evolution time for homonuclear decoupling and at the same time a
compensating PIP is applied on the other side of the '*C, (Fig. 11) to minimize
the disturbance to the '’C, that may have a transverse or longitudinal
magnetization. The two simultaneous PIPs become an amplitude modulated
pulse described by 2f] cos (2w Aft)1,, where f; is the pulse strength of each 180°
PIP and r=0, At, 2At.... For any negative value of the amplitude, i.e.,
2f1cos 2nAft) <0, the corresponding absolute value is used but the phase
is shifted 180°. The carrier frequency is placed at the centre of '*C,,.

To see the compensation effect by the pair of PIPs, the interaction exerted
on the "*C, spins needs to be known. For a '>C, peak with an offset 8, the
Hamiltonian of the system can be expressed as

H(t) = 2ficosRnAft)l + 81. (in Hz). (85)

The Hamiltonian is now time-dependant and its overall effect on the spin
density operator can be calculated using the coherent averaging theory.>*>?

Decoupling PIP Compensating PIP
T ]
Frequency P
af Af
174 ppm 56 ppm
Center of 3CO Center of 13COL

Carrier Frequency

Fig. 11. The BSPS compensated PIPs, one applied at the centre of the '*CO for
decoupling and the other at the other side of '*C, for compensating the BSPS.
Reprinted from Ref. 42 with permission from Elsevier.
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The zero-order average Hamiltonian can be obtained straightforwardly

ﬁ(O) :l/ H(1)dt zflexq_(ﬂz
7 Jo TAfT

=4I, if 2nAfr = mmx (m integer). (86)

Here 2mAft=mm is imposed to eliminate the effect by the zero-order
interaction of the RF field, otherwise a term containing /, will remain and it
will distort the longitudinal magnetization, transverse magnetization, as well
as the BSPS of the *C,. For the on-resonance condition, § =0, all the higher-
order average Hamiltonians vanish since [H(?'), H(¢")] =0 for arbitrary ¢ and
7. As a result, the centre of the '°C, remains unexcited no matter how strong
the pulse is.

The first- and second-order average Hamiltonians can be calculated similarly

T 15}
7O _ = / ds / [H(12), H(11)]dny
T 0 0

_
REINE

[1 — cos(2nAfr)]é1,, 87)

and

7O =2 / drs / s / (L), TG, HG)T) + DRt ). [T, ()bl

)
= —ALfZSI — il—fz [1 4 cos(RrAfT)]81, (88)
where 2w Aft =mm and 2w Afit =7 (required }oy the '>CO 180° PIP) are used.
From Egs. (87) and (88) one can see that H ~ =0, if m is even and the term
including 7, in H becomes zero if m is odd. Only the linear phase shift term
—(/, 2/Af?)SL. in H Vi independent of m and it introduces a linear phase shift.
The average Hamiltonian up to the second-order can be expressed as

f12
TAf?

2
H=— _8[ 1 + cos(2rAfT)|81, + [1 — cos(2mAf7)]81, +( 1, )81_

Af?
(89)

Under the conditions of f; and § < Af, the terms containing /, and /, in the
above equation are small compared to the chemical-shift term 87.. But they
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can be in the same order as the linear phase shift term —(flz/Af2)5[Z for certain
m values. In contrast to the linear phase shift term, these two terms only have
a second-order effect on the BSPS since they are orthogonal to the domi-
nating chemical-shift term.*?

Neglecting the two terms with /. and /,, the Hamiltonian in Eq. (89)
becomes H = (1 — f2/Af?)3L., which causes a phase shift of

fl
f2

where the first term 2787 is caused by the free precession of the spins with
an offset §, and the second term is caused by the pair of PIPs. The additional
phase shift, by definition, is

@pips = 28T — 2= (90)

BSPS = —27 f} ST. 91)

Compared with the BSPS by a single PIP [Eq. (84)], the BSPS by a pair
of complementary PIPs is reduced significantly and more importantly, it is
now linearly proportional to the offset §, making it possible to be eliminated
completely. The minus sign in Eq. (91) implies that the actual phase evolution
during the pulse is scaled by a factor of

S
N

Equivalently, one may think that the evolution does not change but the
effective pulsewidth .y is scaled by the same factor

A= (92)

Teff = AT. 93)

By taking into account the scaling factor in the pulse sequence, the linear
BSPS can be effectively removed. Additionally, this linear BSPS can also be
corrected by a first-order phase correction.

5.3. Computer simulations

For comparison, the disturbance to the transverse and longitudinal
magnetizations and the BSPS of the '*C, introduced by a single 180° PIP
and by the simultaneous PIPs are shown in Fig. 12. The pulse strength f
for the single PIP is 5.75 kHz (=~ Af/+/15), where Af=22.22 kHz is
approximately the frequency separation between the centres of the '*C,
and '>CO for a 750 MHz instrument (Fig. 11). For the PIPs, the field strength



PHASE INCREMENTED PULSES IN NMR WITH APPLICATIONS 41

1.2
1:.........0.0000000....... Jeesesesssscccccccecctissccassas
0.8 4 LIPS
0.6 a A
0.4 4 E
0.2 ]

0
1-002022,..Q‘Q.‘III.QCQQQ-RoooOOO RNV 0000 00000000000000222222%

03] faa, )
064 b {B
047 ]
0.2 ]
0 ] - 15

1 X E
-15 1 ba, F 10
Qo‘. E
l‘.

<,

adAAL

EYH Laa

-20 3 °°00000609.
bo...oooo..ooo‘n‘ooooo..ooooo..i

e
-25 E 2200
E 2A°°°°°°oo ".

-30 ; AAA Og C

LI E

icC A, a 2g E

E Aad 2 E
-35 3 BTN

Qopr—T—r T T T T T _{§
-6 -3 0 3 6 -6 -3 0 3 6

B¢, Offset § (kHz) B¢, Offset § (kHz)

Fig. 12. The influences of the longitudinal magnetization, transverse magnetization,
and the BSPS of the '°C, caused by a single 180° PIP (a, b, ¢) and by the BSPS
compensated PIPs (A, B, C). The solid triangles and open circles (b, B and c, C)
represent the results with an initial transverse magnetization along the x and y axis,
respectively. The BSPS (solid triangles) is compensated (solid diamonds in C) when the
scaling factor of the pulsewidth, A =[1 — (fz/Afz)] is taken into account. The single
180° PIP applied at the centre of the '*CO is denoted by PIP22.22(2°, 4°, 0.5 s,
5.75 kHz, 174). An initial phase ¢y =2° is used to compensate the UPS of the PIP The
BSPS compensated PIPs is then represented by PIP22.22(0°, 0°, 0.5 ps, 2ficosQrAft +
@), 180), where 2f; =11.12 kHz, ¢o=2°, and =0, Az, 2At,.... Reprinted from
Ref. 42 with permission from Elsevier.
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is fi=5.56 kHz 2rAf=4m, m=4), which leads to a zero coefficient of I,
in the average Hamiltonian [Eq. (89)]. As shown in Fig. 12, the disturbance
to the longitudinal (A) and transverse (B) magnetizations and the BSPS (C)
of the '*C, caused by the simultaneous PIPs are much smaller than that by the
single PIP (a, b, c¢) because of the compensating effects. In addition, the BSPS
is effectively linear as predicted by Eq. (91). Application of the scaling factor
to the pulsewidth [Egs. (92) and (93)] leads to an almost complete self-
compensation of the BSPS (Fig. 12C) and no phase correction is required
for the '*C, spectrum.

Similar results were observed for a pair of complementary PIPs
with a condition of 2w Afr=3m (m=3), where the term including /, is maxi-
mized and the term including 7, becomes zero in the average Hamiltonian
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[Eq. (89)],* further manifesting that both terms in Eq. (89) with 7, and I,
can be eligibly ignored.

Unlike the compensation of the BSPS for a long pulse,** the pulsewidth
t for short PIPs is crucial. Away from the condition of 2xAfr=mmn, a
significant zero-order term will arise and the longitudinal magnetization, the
transverse magnetization, and the BSPS can be distorted so severely that the
BSPS compensation scheme does not work at all.*?

Similar compensation effects were also found for a pulse strength of
fi=11.11 kHz and 2xAftr =27 (m=2). The inversion profile of the pulse is
shown in Fig. 13b, together with the inversion profile by a single PIP (a). The
null region of the '*C, is broadened significantly by the simultaneous PIPs
in addition to the compensation of the BSPS.

Due to the BSOS discussed in Section 4.3, the inversion profiles are shifted
by 1.38 kHz to the left and right side, respectively (Fig. 13b). The amount of
the shift compared to the bandwidth of the inversion profile is significant. To
have a right position of inversion, the effect of the BSOS needs to be taken

13CO Inversion

<I>
o
TTTTTTITT T I T I I oI TrTpT

<[>
o
TTTTTTT T I T I T T I T oI rTrTTT

1.38 kHz
B —

<I>

13C Offset (kHz)

Fig 13. Inversion profiles by a single PIP22.22(0°, 4°, 0.5 us, 12.83 kHz, 78) (a),
satisfying the condition of f; = Af/+/3, by a simultaneous PIP22.22(0°, 0°, 0.5 ps,
2ficos(2m Aft), 90) (b), satisfying the condition of 2w Afr =2m or 2f; =22.22 kHz, and
by a modified simultaneous PIP20.91(0°, 0°, 0.5 ps, 2ficosRQmwAft), 96) (c) with
Af=2f; = 20.91 kHz. Both of the simultaneous PIPs are symmetrized.



PHASE INCREMENTED PULSES IN NMR WITH APPLICATIONS 43

into account and the frequency shift Af, field strength f;, and the pulsewidth
of the pair of complementary PIPs needs to be modified. The frequency
separation between the centres of the 'C, and 'CO should fulfill the
condition of (refer to Eq. (74))
o
Af ———+— 010) = 22.22 kH 94
S/ 4Af+ ZAfCOS( 10) z, 94)

where Af'is now the frequency shift of the PIPs (that needs to be determined)
and the relative phase 6,0 =0°. Using the relationship of 27fjt = [Eq. (79)]
and the condition of 2w Afr=2m, it is easy to solve Eq. (94) and to obtain
Af=20091 kHz and 2f; =20.91 kHz. Based on these results, a new pair of
complementary PIPs is formed, PIP20.91 (0°, 0°, 0.5 ps, 2 ficos(2rAft), 96),
which is also symmetrized. As shown in Fig. 13c¢ the inversion profile at the
centre of the '*CO matches well with the one by the single PIP (Fig. 13a) yet it
still reserves all the other characteristics of the complementary PIPs.

If the pulse strength of the simultaneous PIPs is further increased to
2f1=44.48 kHz and 2nAftr =1t (m=1), (f1/Af) in Eq. (89) is no longer a small
value and the Magnus-expansion in the coherent averaging theory may not
converge. Consequently, the compensation in the null region vanishes almost
completely.

In a similar way, an adiabatic inversion pulse can also be used to
compensate the BSPS,* where the condition Afr>> 1 is usually fulfilled due
to a long pulsewidth in order to meet the adiabatic condition. Consequently,
all the terms in the average Hamiltonian containing the cos(2wAft) and
sin(2wrAft) functions approach zero over a long time t and the condition,
2nAft=mm imposed for a short pulse, becomes less crucial in the BSPS
compensation. Only the linear phase shift term®*’

2
_flrms

Af?

remains, where /2, = (1/7) for f{(0)dt is the mean-square value of the time-
dependent RF field fi(¢). Similar to the PIPs, the remaining linear BSPS can
be corrected by taking into account a scaling factor, L = [1 — (f2,./Af?)], of
the pulsewidth.

H= SI. (95)

6. PHASE INCREMENTED ADIABATIC PULSES
6.1. Implementation of phase increment to adiabatic pulses

Adiabatic pulses are usually composed of a number of back-to-back pulses
of equal width Ar. The amplitude adopts a certain shape that is normally
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symmetric in respect to the centre, while the phase has a non-linear increment.
To achieve a frequency-shifted adiabatic inversion, a linear phase increment
can be added to the adiabatic pulse as shown below.

Original Phase incremented
Phase Amplitude Phase  Amplitude Time
9 A 01 +0 A 0<t<AT
{p(n. A0} = 1§ » A @+ Ag A AT <t <2AT,
3 Az o3+ 2A¢ Aj 2AT <t < 3AT

(96)

where the first two columns on the right side define the original adiabatic
pulse and the next two columns represent the phase incremented adiabatic
pulse. @1, @5, @3, and A4y, A>, Az in Eq. (96) are the phases and amplitudes
of the first, second, and third steps, respectively, while Ag is the phase
increment. As in any PIPs, the amount of the frequency shift is determined
by Af=Ag/QrAT).

6.2. Phase incremented double adiabatic decoupling for '*C- and
'>N-labelled proteins

For *C- and ""N-labelled proteins, the 3CO and *C,, with chemical shift
ranges of 20 and 30 ppm, respectively, need to be decoupled simultancously
in some NMR experiments. Since there is a 93 ppm gap between these
two regions, where there are no protein backbone resonances, decoupling
the entire 'C chemical shift range (143 ppm) is not only inefficient but
also causes sample heating, especially for protein samples with a high salt
concentration at high magnetic fields.

An efficient way is to decouple these two regions separately, one centred
at the '>CO frequency and the other at the '*C, frequency. To achieve this
goal, an adiabatic decoupling sequence is used to decouple the '*CO while
another phase incremented adiabatic decoupling, with the same carrier fre-
quency as the '3CO, is used to decouple the '°C, as shown in Fig. 14. The
two decoupling sequences can be combined to form a double-band adiabatic
decoupling with only a single waveform generator.

The procedure to combine any two phase modulated pulses is straight-
forward and is going to be discussed below. For the kth step of the two
pulses (denoted by the two indices a and b), their amplitudes and phases can
be described by A, ¢, and Ay, @, respectively. The vector sum (denoted
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WURST-20
a)

Frequency-Shifted WURST-20
b)

AL L
H L

i AL

Fig. 14. Arrays of 'H spectra from a sample of '*C (~64%) labelled CH3I with
a WURST-20 adiabatic decoupling (a), a frequency-shifted WURST-20 decoupling
(b), and a Double-WURST-20 decoupling (c). For the WURST-20, fin.x=1.39 kHz
and firms = 0.88f1max=1.22 kHz and for the Double-WURST-20, fi,.x=2.78 kHz
and f1,ms = 0.62f1max = 1.72 kHz. Reprinted from Ref. 45 with permission from Elsevier.

)

by an index s) of the x and y components of the two pulses is

Aksx = AkaC08(¢ra) + AkrC08(@rs) (97a)
and

Aksy = AkaSin(@ra) + ArpSin(@p). (97b)

The kth amplitude and phase of the combined field are then

Ags = Ain + A%sy (983')
and
1 Aksx .
Qrs = €08~ | ———=, if 4iy, =0, (98b)
Al + A;
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ACSV .
Ors = —cos | || if 44, <O (98¢)

A2+ A2

ksx ksy

The experimental result by the double adiabatic decoupling pulse is shown in
Fig. 14c, where the ?CO and C, bands are decoupled separately as expected.
To run the experiment using the double adiabatic decoupling with the same
decoupling range, the RF field strength fi,,.x has to be increased by 6 dB,
which corresponds to doubling the amplitude of the pulse. Importantly, the
rms value of the pulse strength, however, increases only by a factor of /2
due to the interference between the two pulses. Therefore, the power dissi-
pated to the probe, which is proportional to the square of the rms value of the
pulse strength, is only doubled. It can be shown that with the same decoup-
ling scheme, roughly three times the power is required to decouple the
entire region (143 ppm).*’

6.3. Phase incremented double adiabatic decoupling for compensation of
the Bloch-Siegert frequency shift

In triple-resonance multidimensional NMR, homonuclear *CO (or '*C,)
decoupling, during the '*C, (or '*CO) evolution time, is often required for
3C- and ""N-labelled proteins.*’>> It may be accomplished either by a
selective 180° inversion pulse in the middle of the evolution time as discussed
in Section 5, or by a selective decoupling pulse applied entirely during the
evolution time, such as the SEDUCE (selective decoupling using crafted
excitation) sequence,*’ one of the more widely used homonuclear decoupling
sequences. The SEDUCE decoupling was recently replaced by adiabatic
decoupling. The advantage of using adiabatic decoupling, over any other
schemes, is that it has the highest decoupling efficiency,* a well-defined
decoupling region, and its tolerance to the RF field strength or consequently
the RF inhomogeneous, as long as the frequency sweep satisfies the adiabatic
condition. 1237763

As with any other homonuclear decoupling, the transverse magnetization of
the '3C,, for example in the evolution time, is perturbed by the decoupling
pulse, resulting in an additional precession virtually around the z axis. Since
the adiabatic decoupling is applied during the entire evolution time of the
3C,, a non-linear frequency shift rather than a phase shift appears in the
spectrum. This is termed the Bloch-Siegert (frequency) shift in the NMR
literature in honour of their discovery of the phenomenon.

The BSFS by a single adiabatic decoupling can be obtained as follows. For
a period of an adiabatic decoupling 7, the phase accumulated by the
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additional precession in the rotating frame of the '*CO, where the decoupling
pulse is applied, can be calculated

T
gco(T) ~ —2r /O J@r— o 20

~ =2 AfT+2n8T — 7 flljmsa T, (99)

where /£, = (1/7) fOTflz(t)dt is the mean-square value of the decoupling field
strength f1(¢) and the condition of fi(¢)/Af)<<1 for any ¢ is assumed. After
a transformation from the rotating frame of the '*CO to '*C,, the phase
accumulation in the '*C, frame can be obtained

oc (T)~ 21T — 1 f}l(rmSST (100)

where the first term is caused by the free precession of the '*C, spins with an
offset 8, and the second term is introduced by the decoupling field, leading to a

BSFS = _ _Jims _ (101)
2Af=98)°

The minus sign in the above equation implies that the NMR peaks are
always pushed away by the decoupling field as illustrated in Fig. 15.

As demonstrated by McCoy and Mueller,”* the BSFS can be reduced
significantly by using a compensating pulse applied on the other side of the
3C,. It is easy to see from Eq. (101) that the BSFS by the two phase

Balanced

100, 9,(1) | K0, 9,(1)

Decoupling pulse Compensating pulse
R -
/\ Push away Push away /\
Frequency )
Af Af

Bcoregion B3¢  region

Fig. 15. Adiabatic decoupling of *CO from '*C, with a compensating pulse applied
on the other side of the peaks. The compensating and decoupling pulses have
the same shape but opposite frequency sweep. Due to the Bloch-Siegert effects, both
the left and the right peaks are pushed towards the center while the centre peak is
balanced and remains in its position. Reprinted from Ref. 47 with permission from
Elsevier.
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incremented adiabatic decoupling pulses applied on the opposite side of the
13C, becomes

BSES = — flzrms + flzrms
2AAf—38) " 2(Af+9)
~ i (102)
N

where the interference term by the two decoupling fields is averaged out over
a relatively long decoupling time. The above equation tells us that the
compensating pulse, in theory, gets rid of the BSFS only for the centre point
(§=0). A reduced offset dependent BSFS still remains. It is scaled
approximately by a factor of (25/Af) for the double adiabatic decoupling.
For, §=0, the BSFS vanishes; for §>0, it is negative; and for §<0, it is
positive. The whole spectrum is therefore contracted by a factor of

b= [1 = (firms/ AN’ (103)
To compensate for the contracting effect, a dilated evolution time

1

1y ==~ [1+ (firms/ A 111 (104)

> =

can be used in the experiment, leading to a complete compensation of the
BSFS 47,48

6.4. Experimental

In the *C,~">CO homonuclear decoupling experiments, the double adiabatic
decoupling uses a non-linear frequency sweep that is created in a certain way
that the adiabatic inversion is offset independent.®®®"%* It leads to a superb
decoupling profile with quite a broad range and very sharp edges, particularly
suitable for homonuclear decoupling. The double adiabatic decoupling is
constructed with a single waveform generator using the method discussed in
Section 6.2. To use the BSFS compensated double adiabatic decoupling, the
RF field strength needs to be increased 6 dB, which corresponds to double
the amplitude. The fi,,s and the RF power, however, are increased only by
a factor of +/2 and 2, respectively. Here, sample heating is not an important
issue since the required decoupling range and the decoupling time or the
evolution time, in the indirectly detected dimension, are rather limited.
In addition, adiabatic decoupling is the most efficient decoupling scheme
in NMR.*»
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The offset independent adiabatic decoupling used in the experiments has
a Gaussian shape, A4(7) = fimaxexpl — a(t — T/2)*] (@ =2.55 (kHz)?, T=2.8 ms),
and a phase cycle of (0°, 150°, 60°, 150°, 0°).°+° The pulse has a maximum
RF field strength of fi,.x=2.38 kHz and a root-mean-square value of
firms=1.26 kHz. A non-linear frequency sweep is constructed according to
Ref. 60. The entire sweep is 8 kHz, which produces a slightly smaller
decoupling range.

A HSQC sequence® with water suppression is used in the experiments with
a sample of '’N- and '*C-labelled (-COOH is unlabelled) N-acetylglycine. The
13C carrier frequency is applied at the methyl *CH; at 26.07 ppm. A frequency
shifted decoupling is applied to the '*CO,* with a phase increment of
Ap=23.4° and time increment of Ar=2.8 ps, corresponding to a frequency
shift Af=23.2 kHz. A compensating decoupling sequence is applied at
—23.2 kHz with the same RF amplitude modulation but with an opposite
frequency sweep. All the experiments were performed on a Varian Unity-Plus
600 MHz NMR instrument with a 5 mm HCN triple-resonance probe.

Figure 16 shows the '*C spectra of N-acetylglycine obtained from the traces
of the indirectly detected dimension of the HSQC experiment. The spectrum

D ol
13cH, 1% C °N2CH,—COOH

BSFS =33.9 HZT BSFS =-34.0 Hz

~/
BSFS =0.0 Hz

LSS L e o e e e A
29 28 27 26 25 24 ppm

Fig. 16. '>CHj; spectra obtained from the traces of two dimensional HSQC spectra
with a partially labeled sample of N-acetylglycine. The spectra are acquired with
a single adiabatic decoupling (middle), with a compensating decoupling (top), and
with a double adiabatic decoupling (bottom). Reprinted from Ref. 47 with permission
from Elsevier.
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in the middle is obtained with a single adiabatic decoupling fi(7) (Fig. 15),
which causes a BSFS of —34.0 Hz and cyclic irradiation sidebands at £1/T
(opposite phase) from the centre peak.*”*® Unlike the heteronuclear decoupl-
ing, where the sidebands are introduced by the modulation of heteronuclear
coupling by the decoupling pulse and one usually sees the same phase for all
the sidebands,®”®® the '*C sidebands, in this case, are introduced by direct
irradiation of the decoupling pulse.*”*® The intensities and phases of these
sidebands are therefore determined by the amplitude and phase modulations
of the decoupling pulse.

The spectrum at the top of Fig. 16 is obtained with the compensating
decoupling pulse alone. Since it is located 46.4 kHz away from the '>CO, there
is no decoupling effect and the '*CHj; peak is split into two with a separation
of the '*CO-"*CH; J coupling constant. Also, because the compensating pulse
is applied on the other side of the peak, which changes the sign of the BSFS
[Eq. (101)], the peaks are shifted to the left side almost the same amount
and the spectrum has negative sidebands (also split into two) relative to the
spectrum in the middle as expected.*’**

The spectrum at the bottom of Fig. 16 is obtained with the double adiabatic
decoupling pulse, one located at —23.2 kHz and the other at 23.2 kHz. The
BSES is compensated and sidebands are eliminated by the compensating
pulse. In addition, the amplitude of the peak is higher than that in the middle,
showing a better decoupling effect. Similar results were obtained for '°C off-
resonance § ranging from — 3 to 3 kHz, where |8|/Af<0.13 can be treated as
close to on-resonance.

As shown in Fig. 17, the BSFS, by a double adiabatic decoupling, is
not only significantly reduced compared with that by a single adiabatic
decoupling but it also becomes linear as a function of the offset as predicted by
Eq. (102). This linear BSFS is corrected by the application of a dilated
evolution time 7 = [1 4 (fimms/Af)1t1.

7. COHERENT EXCITATION WITH PIPS
7.1. Phase coherence in PIPs

As in the phase coherence in RF pulses, the phase coherence in PIPs —
the right phase relationship among the PIPs applied at different times, and the
relevant offsets, must be taken care of cautiously when multiple PIPs, with the
same or different frequency shifts (Af"), are encountered in a pulse sequence.
Under such circumstances, the evolution of a spin system has to be calculated
in different rotating frames defined by the corresponding PIPs and a special
case may arise, where a spin experiences an on-resonance excitation but off-
resonance evolution in the conventional rotating frame. Unpredictable results
may occur if the phase coherence in PIPs fails. Unfortunately, to date, no
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Fig. 17. The BSFS versus the offset § for a single (open circles) and a double adia-
batic (filled circles) decoupling, respectively. By application of a dilated evolution time
¢} = 1.00223¢;, the remaining BSFS, which is linearly proportional to the offset, is
eliminated (filled diamonds). Reprinted from Ref. 47 with permission from Elsevier.

On-Resonance in On-Resonance in
the Rotating Frame the Eigenframe
Offset Offset
o )
A Af T FrequenZy
Frequency Shift - )
Ji fie =T +AS
Carrier Frequency Effective Carrier Frequency

Fig. 18. The relationship between the excitations in the rotating frame by a RF pulse
and in the Eigenframe by a PIP. The offset in the Eigenframe § is measured from the
effective carrier frf = Af+ fir, where the frequency shift is Af= Ag/2rAt. Reprinted
from Ref. 49 with permission from Elsevier.

NMR instruments take care of this phase coherence in PIPs and therefore
human intervention becomes inevitable.

7.2. The Eigenframe of a PIP

To understand the concept of phase coherence in PIPs it is quite helpful to
define an Eigenframe of a PIP as shown in Fig. 18. For a frequency-shifted
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excitation by a PIP, the effective carrier frequency frf or the on-resonance is
shifted to Af+ f;r. Therefore, the phase of the centre band RF field of the PIP
should be defined in a rotating frame with a speed of 2wAf relative to the
rotating frame since only in this frame is the phase stationary. This particular
rotating frame is defined as the Eigenframe of the PIP, where the evolution of
the density operator can be calculated similar to that in the conventional
rotating frame.

7.3. The phase inheritance

The phase coherence in RF pulses is maintained through a reference signal
that provides a phase reference for all the pulses applied at any time as
shown in Fig. 19. For example, if the first pulse, described by A,,..Sin(wt),
is applied at a time r=0, the second pulse, applied at a time ¢, from the
beginning of the pulse sequence, must have the form of

AmaxSin[wrf(l - [‘v) + (05]7 1= I, (105)

in order to keep the same phase as the first one. In Eq. (105), ¢,=wfy is
a phase inherited from the reference signal (Fig. 19). Little attention has
been paid to the phase inheritance in NMR experiments since NMR instru-
ments take care of this automatically for users.

When multiple PIPs are encountered, the phase inheritance must also be
taken into account as in the case of the RF pulses. For a most simplified
phase inheritance with only two consecutive PIPs (Fig. 20), the phase of the
first increment of the PIP, must have a value that is one increment Ag greater
than the phase of the last step of the PIP; in order to keep the same phase of

Reference Signal

ts ———————> |ty >

Fig. 19. A reference signal (top) which is served as a phase reference for RF pulses
(bottom) applied at any time. The initial phases of the first and second pulse are
inherited from the reference signal at time =0 and 7=, respectively. Consequently,
both pulses have the same phase in the rotating frame. Reprinted from Ref. 49 with
permission from Elsevier.
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Fig. 20. Schematic representation of the phase inheritance for two PIPs applied
consecutively with the same phase increment Ag and time increment Az. Reprinted
from Ref. 49 with permission from Elsevier.

the two PIPs, where NAg is an inherited phase from the PIP;. A more general
definition of the phase inheritance will be defined in the following section.

7.4. Theory of coherent excitation with PIPs

A spin system, initially in thermal equilibrium, can be described by a density
operator o(0) which is proportional to . under the high temperature
approximation.® After a 90° pulse, the system will evolve under the
Hamiltonian and the density operator o(f) in the rotating frame with a
speed w,r=27f;; can be written as®*

o(1) = L(1)o(0)L™ (1), (106)

where the unitary propagator is defined as

L(l) _ Te—ifo H(z’)dt” (107)

and T is the Dyson time ordering operator. The Hamiltonian of the system in
the rotating frame can be expressed as

H(t) =81 + Hi + f1(1) - I (in Hz), (108)

where the truncated time-independent Hamiltonian 7, is included for
generality and it contains all the other spin interactions, J coupling for
instance.
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For a PIP, the last term in Eq. (108) can be expressed as
fi)-I= f'l(Z)e*i[WOJrW(f)]I:[xef[<ﬂ0+w(f)]1:’ (109)

where ¢, is the initial phase and ¢(¢) is the phase that increments.
As discussed in Section 7.2, it is convenient and intuitive to introduce a
new rotating frame with a speed of

a=2mf=% (110)
At
relative to the rotating frame since only in this Eigenframe (denoted by the
symbol —~) is the phase of the centre band of the PIP a constant.
The Hamiltonian in Eq. (108) can be transformed into the Eigenframe
with a unitary operator U = @ 1:2

H()= U"HU — iU~ U )27)
= — APL + 7?( . fl(l‘)eiaﬂf [e*i[%ﬂi(t)]lsIxei[wner(t)]I:]efiaﬁ)tI;

N 8L+ Hiy + Mfi (e (0D o0 (111)

where § is the offset in the rotating frame, 8§ =8 — Af =f; — (fur + Af) is
the offset in the Eigenframe (Fig. 18), Aq is a scaling factor of the RF field
strength of the centre band [Eq. (9)], and — Ag/2 is the UPS. In Eq. (111),
‘H i = H;, since the truncated internal interaction commutes with 7, i.e.,
[Hin, 1.]=0. Here, A>f}, is assumed and all the sideband excitations are
ignored.

The evolution of the density operator can be calculated in the Eigenframe
first and the result is then transformed to the rotating frame. For simplicity,
a pulse sequence with two PIPs (refer to Fig. 20) is taken into account first.
The calculation is then extended to a general case with any number of PIPs.

At the end of the PIP,, the density operator in the Eigenframe of the PIP,
can be expressed as

a(m)=Li(w)a ) L7 (x). (112)
The above density operator needs to be transformed to the rotating frame

before calculating the evolution of the density operator by the PIP,. It can be
done by a frame transformation of

o(r)) = Ui(@17) L1(11) @ (0) L' (r)) Uy (@ 17). (113)

The Eigenframe of the PIP, starts at the end of 7; and at this particular
moment this Eigenframe and the rotating frame coincide. Consequently, the
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density operator o(ty) is the same as o (r;) in the Eigenframe of the PIP,.
Without a frame transformation, o(t;) serves directly as an initial density

operator in the Eigenframe of PIP,. Therefore, at the end of 7, the density
operator in the Eigenframe of the PIP, is

o(t + 1) = Zz(Tz)U(Tl)z_z1 ()
= Lom)Ui(@ 1) Li(0) o (O LT (@)U @ im) Ly (), (114)

and after a frame transformation, the density operator in the rotating frame
becomes

o(t1 + 1) = Us Ly(2)Uy Li(11) 0 (0) L7 (x) Uy L3 () U3
= U,U, Uy Lo(m)Uy Li(m) o (0) LT () U Ly (o) U U U !
= U2U1 La(m) Li(m) o () L7 (m) L3 (@)U ' U3, (115)
where the arguments @ t; and @,t, of U; and U, are omitted for simplicity.
The operator Uy, introduced to transform o (7;) back into the rotating frame,
acts now on the propagator of the PIP,. It rotates L,(f) around the — I. axis

with an angle of ¢; = w1y, i.c.,

'fr] " ;lz(t’)dr’
T

Ur' Lo(n)Uy = Ly(ra) = Te (116)

and
Ha(r) = U1_I7:(2U1
_ 32 L+ Hin + Agafia(r)e @t UPS2=0DL [ oilon+UPS:—1)I: (117)

where Ly(1;) and H »(¢), both in bold phase, are termed the shifted-propagator
and Hamiltonian in the Eigenframe of the PIP,, respectively, with an
additional phase shift ¢; = @7, introduced by the frame transformation.

In general, for a pulse sequence of any number of PIPs, the density operator
is described by

U(Tl +T 4+ Tn) = Un e U2 Ul 2n(."—n) e 22(.[2)21(‘[1)0—(0)

x Li(m) Ly (v) -+~ L (w)UT U - Uyt (118)
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where the shifted-propagator zk(rk) in the Eigenframe is defined as

T 171 1 7
Li(t) = ur oy --- U2, Li(t) Uy -+ U Uy
_ Tefifrrll:.‘.'::mk UPI U3 Ut Het) Ui - Us U

S R/ S
—i H () dl
= Te f’l‘*’“"”l\—l R (119)

where

Hk(l) = ‘Sk]: + Hin
+ )LOkflk([)e*i(%/HrUPSk*qﬁkq)1: IYei(QOk+UPSA’*¢/c—I)I: (120)

is the shifted-Hamiltonian of the PIP; in the Eigenframe, and

Gr-1 = 01T + 02712 + -+ O Tho (121)

is the sum of all the phases accumulated through the changes of the
Eigenframes before the PIP,.
The phase of the PIP, in Eq. (120)

or = @or + UPS; — ¢y (122)

is determined not only by its own initial phase ¢y and UPS, but also by an
inherited phase ¢, _; from all the previous PIPs. Equation (122) is a more
general expression of the phase inheritance for any PIP. Unlike the normal
RF pulses, this phase inheritance must be taken care of by the user rather
than by the NMR instrument. To have a desired phase ¢, of the PIP,, the
initial phase ¢g; can be adjusted.

Equation (118) allows us to calculate the response of a spin system by any
number of PIPs. The unitary operators Up'Us'--- U!, act on the
propagator L; causing only a phase shift of the PIP,. And the shifted-
propagators, Ly --- L,L;, act consecutively on the density operator without
the frame transformation as if it were still in the rotating frame with a single
carrier. The offset, however, must be calculated in the Eigenframe of each
PIP, i.e., ) k= (fo —frf —ak/Zﬂ).

It is worth mentioning that Eq. (118), derived from the PIPs, is actually
rather general and can be used for any pulse sequences with or without PIPs.
If Ag of a PIP equals zero, the PIPAf(¢g, Ap=0, Az, f1(k), steps) reduces to
a normal shaped pulse. If, on the other hand, f; =0 (correspondingly, ¢, =0
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and A¢p=0), the PIP reduces to a delay with a delay time equal to the
pulsewidth.

7.5. Applications

In this section, three experiments are going to be discussed. Two of them,
a broadband inversion and a Hahn spin echo, are well-known in the rotating
frame. They need to meet the requirement of the phase coherence in PIPs
in order to work properly in the Eigenframe. The third is a composite pulse
with offset modulation.

Assume a broadband inversion pulse (9051807905)” is adopted to excite
a region 50 kHz away from the carrier frequency. To this end, the three
RF pulses need to be replaced by three PIPs. PIP; is composed of 50 steps,
a time increment At=0.5 ps, and a phase increment Ap=9°. It can be
represented by PIP;50(4.5°, 9°, 0.5 us, 10.01 kHz, 50), where the RF field
strength 10.01 kHz is calculated from the 90° pulsewidth (25 ps) and the
scaling factor Ag; (=0.99897). An initial phase ¢o; = 4.5° is used in the PIP,
to compensate the UPS; = — (1/2)A¢ = —4.5°, otherwise the PIP; would have
a phase of —4.5° rather than 0° (or the x phase).

To achieve the same frequency shift as the PIP;, the PIP, and PIP; have
the same A1, Ag, and the pulse strength as the PIP;. The PIP, has 100 steps
since it is a 180° PIP. In addition to its own UPS, (= —4.5°), the PIP, is
also subjected to an inherited phase ¢(= w71 =450°) from the PIP;.
According to Eq. (122), the PIP, with a 90° (or y) phase must obey the
following equation in order to satisfy the phase coherence in PIPs

)69

@2 = @02 + UPS; — ¢ =907, (123)

from which ¢, =184.5° or —175.5° is determined. The PIP, can be written
as PIP,50(—175.5°, 9°, 0.5 ps, 10.01 kHz, 100). Similarly, PIP; can be
determined as PIP;50( —85.5°,9°,0.5us, 10.01 kHz, 50). Here the final frame
transformation to the rotating frame using Us;U,U; is not necessary since
only the inversion profile (or the z component of the magnetization) is of
interest.

As shown in Fig. 21a, the simulated broadband inversion profile by the
three PIPs resembles the profile by the composite pulse 9071807905 except for
a different excitation region. The inversion profile is severely distorted
(Fig. 21b) if the three initial phases, go; = 0°, goo= 90°, and g3 =0° are used,
indicating that the right phase relationship in the rotating frame is the wrong
one in the Eigenframe. The phase coherence in PIPs needs to be considered
even for PIPs with the same frequency shift, Af=50 kHz in this case.

For a Hahn spin echo sequence,”’ 907 — 7 — 1805 — 7/, the magnetization in
the rotating frame will be refocused to the x axis at the end of the sequence.
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Fig. 21. Simulated broadband inversion profiles by a composite (180°) PIP (a),
PIP;50( —85.5°, 9°, 0.5 ps, 10.01 kHz, 50) PIP,50( — 175.5°, 9°, 0.5 ps, 10.01 kHz, 100),
PIP,50(4.5°, 9°, 0.5 ps, 10.01 kHz, 50), and by the same PIPs but different initial phases
1), 901 =0° @9 =90°, and @3 =0°. Reprinted from Ref. 49 with permission from
Elsevier.

To create a spin echo 50 kHz away from the carrier frequency, two PIPs
are required. The first 907 pulse can be replaced by PIP;50(94.5°, 9°, 0.5 ps,
10.01 kHz, 50) with a pulsewidth 7, =25 ps, where the same parameters as
the previous case are used. A 4.5° phase is included in the initial phase to
compensate the UPS (= — (1/2)Ap = —4.5°). After the PIP; there is a delay t,
during which the evolution of the density operator can still be considered
in the Eigenframe, as if the PIP, were extended to the entire v with zero
pulse strength. To meet the phase coherence in PIPs, the phase of the PIP,
should obey the equation of ¢, = ¢y, + UPS, — ¢ =0°, where ¢; = al(tw + 1)
is the inherited phase. Therefore, ¢y, can be derived and from which the
PIP, can be constructed. However, this frequency-shifted Hahn spin echo
will refocus the magnetization to the x axis in the Eigenframe rather than in
the conventional rotating frame. To refocus the final magnetization to the x
axis in the rotating frame, the density operator in the Eigenframe needs to be
transformed back to the rotating frame, which introduces an additional phase
shift of w(3t, + v+ 1) [Eq. (15)]. For compensating this phase shift, the
magnetization should be refocused to an axis with a phase of —w (3, + 7 + )
in the Eigenframe. This can be accomplished by adding a phase of
—w(3t, + 1+ 7)/2 to ¢, of the PIP,

@ = goo + UPS; — ¢ = — (3t + 7+ 7)/2, (124)
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or
o0 = (1, + 1) + % - %m +1+7)
:%—%(r/ —T41,). (125)
For 7' =7,
oo =50 % - (126)

where the delay and the pulsewidth of the PIP, disappear due to the refocus-
ing effect of the 180° pulse. Only the UPS (= — Ag/2) and the phase —w1,/2
(partially refocused) need to be taken into account. From Eq. (125), the initial
phase of the PIP, can be determined ¢, = —220.5° or 139.5°. The PIP; is
then PIP,50(139.5°, 9°, 0.5 ps, 10.01 kHz, 100).

For v =7t —1t,, however,

A
o ==F, (127)

which is now independent both of the pulsewidth ¢, and delay 7. In this
situation, a PIP,50(4.5°, 9°, 0.5 ps, 10.01 kHz, 100) can be used. Except for
a 4.5°(— UPS), the phase relationships of the two pulses, in the rotating frame
and in the Eigenframe, become the same.

In both of the above cases, 7’ =7=1 ms and '=7t—1¢,=0.975 ms, the
computer simulations show that the phases of the magnetization 6 =0.0° in
the rotating frame, in agreement with the theoretical prediction.

In many triple-resonance experiments, HNCO for instance, coherence
needs to be transferred from the amide '°N to the adjacent '*CO but not to
the '’C,. To this end, a selective '*CO 180° pulse is used in the INEPT
segment. It inverts the '*CO region centred at 174 ppm but nulls the °C,
region centred at 56 ppm. Similar to the homonuclear decoupling discussed
in Section 5, the RF field strength must satisfy the relationships of'”

2nfit =, (128)

for inversion of the '*CO, and

2\ /fE + Af?t =2mm (m integer), (129)
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for null of the '*C,, which leads to

J— (130)

4m? — 1

where Af (=118 ppm) is the difference of chemical shifts between the centers
of the '3CO and "*C,,. For m =1, which corresponds to a 2 rotation of Bc,.
Eq. (130) reduces to

_
fi=7 (131)

Figure 22a shows the inversion and null profile of this scheme. It has a narrow
inversion and null bandwidths and in addition, the null point moves when
the RF field strength f; varies.

10 ] 13CO Iversion

<[,> e

l= 0 ;@ Beg, Null
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1.0 7

<> 0 %W
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Fig. 22. Simulated excitation profiles of selective inversion and null by a single RF
pulse (a) and by two consecutive PIPs (b, ¢, and d). The single pulse is applied on-
resonance to the centre of the '*CO (at 174 ppm which is assigned to 0 kHz) with a pulse
strength f; =15.42 kHz and pulsewidth t=32.4 ps. Under this condition, the centre of
the '°C, (at 56 ppm, corresponding to —26.7 kHz for a 900 MHz instrument) is
subjected to a 2 rotation, resulting in a null excitation as shown in (a). For (b), two
consecutive PIPs, PIP,0(0°,0°, 0.6 ps, 15.42 kHz, 54) and PIP,-53.4(—5.77°, —11.54°,
0.6 ps, 15.42 kHz, 54), are used with the PIP;0 being the same as the RF pulse used in (a)
and the PIP,-53.4 being a compensating pulse. (c) is obtained by slightly adjusting the
centre of inversion and the overall rotation angle. The two PIPs used are PIP1.57(0.17°,
0.34°, 0.6 ps, 18.34 kHz, 51) and PIP»-54.95(11.36°, —11.87°, 0.6 ps, 18.34 kHz, 51).
The compensation becomes rather poor (d) by exchanging the order of the two PIPs
used in (b) due to the failure of the phase coherence in PIPs. Reprinted from Ref. 49
with permission from Elsevier.
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To overcome these problems, a compensating PIP can be applied on the
other side of the '*C, region immediately after the first inversion pulse. The
first pulse is a 180° pulse with a x phase and is on-resonance to the centre of
the 'CO. As mentioned above, it can still be denoted as a PIP,0(0°, 0°, 0.6 ps,
15.42 kHz, 54) with a Af=0 and A¢=0. The PIP, needs to be applied on
the other side of the '*C,, with also a x phase as the PIP,0. According to
Eq. (122), the initial phase of the PIP, must satisfy the equation of

@ = @y + UPS, — ¢ = 0°, (132)

where the inherited phase from the PIP,0, ¢; =0°, since no phase increment
is used in the PIP;0 or w; = 0. Therefore only the UPS, of the PIP needs to
be taken into account in determining the initial phase of ¢gp,= — UPS,.
The second PIP can be expressed as PIP»-53.4(—5.77°, —11.54°, 0.6 us,
15.42 kHz, 54).

The two PIPs constitute an offset modulated composite pulse for use with
a 900 MHz NMR instrument. As a result, the centre of '*C, is subjected to
two consecutive 27 rotations of opposite offsets, one positive and the other
negative, but of the same (x) phases in the two different Eigenframes as
shown in Fig. 23. In the vicinity of the centre of the '*C,, the sum of the
two rotation angles can be expressed as

@ =2m\/f2 4+ (Af = 8)*t + 21\ /fE + (Af+ 8)’r, (133)

n,

n
Fig. 23. Offset compensated two consecutive 27 rotations by two consecutive PIPs
around n; in the Eigenframe of the PIP; with a negative offset — Af and around n, in
the Eigenframe of the PIP, with a positive offset Af. Both pulses have a x phase but
in different Eigenframes. Reprinted from Ref. 49 with permission from Elsevier.
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where 8 is an offset measured from the centre of the '*C, and 7 is the
pulsewidth. For small § , the rotation angle can be expanded into a series of §

0 =2m/f2 + Af2T—2m—
1 ,/fl +Af2
+ 2 /fE + AT+ 22—
\/fl +Af2
— A [+ AT+ -

~ 4. (134)

In the above equation, the first-order terms in § cancel, which implies that
the deviation from a 360° rotation by PIP; due to a small é is compensated
by the deviation from PIP,. To the first order of §, the rotation angle ¢ ~4x
leading to a remarkable compensation. As a consequence, the null point at
the '3C, region is broadened significantly (Fig. 22b). It is important to note
that the inversion region of the '*CO is broadened as well by the compensating
PIP, since the overall rotation angle and axis by the two PIPs become quite
insensitive to the offsets. It can be shown that the overall rotation angle at the
centre of the '*CO is about 161.46° rather than 180° but the rotation axis
is approximately in the x—y plane, causing an incomplete inversion. Also,
the centre of inversion is slightly shifted to the upfield region. These effects
are caused by the interference between the two bands. The overall rotation
becomes 179.97° if the RF field strength is increased to 27 fit=202°. And
the small shift of the inversion centre can be corrected by adding a small phase
increment to the PIP;. The final result by the modified pulses is shown
in Fig. 22c.

The compensating effect becomes quite poor when the order of the two PIPs
is changed (Fig. 22d). The distorted excitation profile can be corrected if
an inherited phase ¢ = w7 = 96.84° from the first PIP (PIP,-53.4 in this case)
is added to the second PIP (PIP,0) to form two consecutive PIPs of
PIP,0(96.84°, 0°, 0.6 ps, 15.42 kHz, 54) and PIP;-53.4(—5.77°, —11.54°, 0.6
us, 15.42 kHz, 54). The change of the order of PIPs will affect the inherited
phases and therefore it may ruin the phase coherence in PIPs.

8. CONCLUSIONS

A PIP is equivalent to an infinite number of asymmetrically amplitude
scaled and phase shifted RF fields that are applied simultaneously and are
separated equally in the frequency space. In addition to their locations, all
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the RF fields are subjected to a scaling factor A,=2sin(Ag/2)/2nm+ Agp)
and a UPS (= —(1/2)A¢). They are scaled in such a way that under any
circumstance, the greater the sideband number |n|, the weaker the RF field
strength. The UPS can be compensated either by adding a phase of Ag/2 to
the initial phase ¢, of the PIP or by anti-symmetrizing the PIP. The phase
increment should be confined in the range of —m<Ag@<m. Otherwise,
a Ap>m (Ap<2m) will cause a folding of the strongest RF field into the
boundary of the frequency shift, — Afiax<Af<fmax» With a negative
frequency shift.

In order to observe the energy conservation law in PIPs, the scaling
factors of any PIP are constrained by the equation of Y"°° _ 2% = 1. Since
limag—0 Ké =1, the RF fields of the sidebands acquire energy at the expanse
of a reduced field strength of the centre band. However, the centre band
only gives up to 59.5% of its energy since a minimum of 40.5%
(= limagp—4x kg = (2/n)?) of the energy remains.

The centre band RF field of a PIP is usually used to achieve a frequency-
shifted excitation while preserving the phase coherence among the RF pulses
applied before and after the PIP. The phase coherence in RF pulses is
crucial in some of the multidimensional NMR experiments, especially in the
3C dimension where the '*CO and '*C, need to be excited separately.
Unpredictable results may occur if the phase coherence in RF pulses fails in
some NMR experiments.

A periodic pulse also introduces multiple effective RF fields that are
symmetric in amplitude and anti-symmetric in phase. For the centre band RF
field, the phase is not shifted and the strength is equal to the average value of
the periodic pulse. Similar to the case of the PIP, all the phases and scaling
factors of the RF fields can be obtained analytically and to fulfill the energy
conservation law in p_ezriodic pulses, the scaling factors obey the equation
of Y02 o My = fims/1)-

As a result of the RF interference, a BSOS is introduced to the excita-
tion profile. Unlike the BSFS and BSPS, where the precession of the magne-
tization is perturbed by nearby RF fields, the BSOS is caused by nearby RF
fields during the excitation of a desired RF field. Consequently, the BSOS
depends not only on the strengths and locations of the perturbing fields
but also on the relative phases between the desired and perturbing RF fields.
The NNA provides an accurate measure of the BSOS caused by multiple
RF fields, which is otherwise hard to deal with in NMR.

The idea of using phase increment to achieve frequency-shifted excitation
can be extended virtually to any sort of RF pulses, including the most
complicated adiabatic inversion pulses where a non-linear phase increment has
already been applied. Using the phase increment, double or multiple pulses
can be constructed with only a single waveform generator in order to excite
different regions of a NMR spectrum or to compensate the BSFS, BSPS, as
well as BSOS.
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One of the ultimate goals for using the PIPs is to achieve the phase
coherence in PIPs with the same or different frequency shifts. Unlike the
phase coherence in RF pulses that is achieved automatically by NMR
instruments, the phase coherence in PIPs is no longer taken care of by
machines. Human intervention is therefore inevitable. By analogy to what the
NMR instrument does to preserve the phase coherence in RF pulses, the
inherited phase accumulated from all the previous PIPs needs to be taken
into account in determining the correct phase of each PIP. By doing so, the
Bloch vector model, which is so helpful in understanding the NMR concepts
and is used almost solely in the conventional rotating frame, is now applicable
to the environments of multiple PIPs or multiple Eigenframes as if it were
still in the rotating frame of a single carrier frequency. In this way, the scope
of the Bloch vector model is extended so significantly that new pulse schemes,
such as the offset modulated composite pulses, which were conceptually
difficult to discern in the past and are now perceivable and sometimes
apparent.
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Recent solid state NMR studies of liquid crystalline materials are surveyed.
The review deals first with some background information in order to facilitate
discussions on various NMR (13C, 'H °H, °F etc.) works to be followed.
This includes the following: spin Hamiltonians, spin relaxation theory, and
a survey of recent solid state NMR methods (mainly >C) for liquid crystals
on the one hand, while on the other hand molecular ordering of mesogens
and motional models for liquid crystals. NMR studies done since 1997 on
both solutes and solvent molecules are discussed. For the latter, thermotropic
and lyotropic liquid crystals are included with an emphasis on newly
discovered liquid crystalline materials. For the solute studies, both small
molecules and weakly ordered biomolecules are briefly surveyed.

1. INTRODUCTION

Liquid crystals (LC)" * represent a class of materials that form intermediate
anisotropic phases between the solid and isotropic liquid phases. Their con-
stituent molecules are organic compounds, which possess certain shape
anisotropy (e.g., rod-like, disk-like, banana-like) and give several types of
thermotropic LC such as calamitics, discotics, metallomesogens, and bent-core
(banana) mesogens. Thermotropics exhibit one or more mesomorphic phases
or simply mesophases (e.g., nematic, smectic, columnar, chiral, and banana B
phases) upon changing the temperature of the material. Additionally, these
monomeric units of various shapes can be incorporated into main-chain
and/or side-chain polymers to give liquid crystallinity.>® There is another
class of LC known as lyotropics, which are formed by dissolving amphiphilic
molecules into a selective solvent (and co-solvent) to form a two or more
components system and can exhibit mesophases like micellar, nematic, hexa-
gonal, lamellar, and/or cubic phases by varying the temperature, the solute
concentration or both of these. The phenomenon of ‘double melting’ was
discovered in several esters of cholesterol by F. Reinitzer’ in 1888. These
substances melt into an isotropic clear liquid only after passing through an
intermediate stable phase in the form of an opaque liquid. Many fundamental
advances in understanding LC phases were made before the mid 1960s. These
included the model of long stiff rods by Onsager® which showed the role of
repulsive forces, the Maier-Saupe statistical model’ which pointed to the role
of dispersion forces, and the model by Gelbart and Cotter'® which united
these two approaches in the Van der Waals theories. But the real push
in LC research came only after the first application of these materials in
electro-optical technology.'' Indeed, new liquid crystalline materials are being
discovered at an alarming rate because of their applied and fundamental
nature.

One of the characteristic properties of LC mesophases is the existence of
a unique symmetry axis denoted by a unit vector called the director n. On the



ADVANCES IN NMR STUDIES OF LIQUID CRYSTALS 69

average, mesogenic molecules tend to point more or less along the director.
For instance, nematics are optically uniaxial and apolar, i.e., n and —n are
equivalent. A quantitative measure of the parallelity of molecules in
mesophases is the (orientational) order parameter S =%(3 cos’6 — 1),
where 0 is the angle between the long axis of a molecule and n, and brackets
denote the thermal average. The order parameter can be measured using one
of many anisotropic properties of LC. In addition to the orientational
ordering, positional order may also occur in layered structures shown by
different smectic phases'? and lamellar phases. For biaxial smectic phases
(e.g., smectic C), besides the layer structure the orientation of molecules within
each layer is specified by two directors. Now the structures of various
mesophases are described in standard texts,' * and the readers can refer to
them for further information. However, it may be useful to recall here some
remarkable features of LC. It is well known that LC show unusual optical
properties. For instance, the chiral nematic (cholesteric) phase shows selective
Bragg reflections at certain optical wavelengths. This is caused by the peri-
odic structures in this phase, whose pitch length is temperature sensitive.
Applications of cholesterics range from detecting hot spots in human tumours,
and microelectronics to locating fractures. Twisted-nematic display has been
well received in the watch, calculator and personal computer industry. For
molecules containing lateral electric dipole(s) with or without chiral centre(s),
their tilted smectic phases and chiral subphases exhibit ferro- and/or antiferro-
electric properties. Non-linear optics and electro-optical properties can be
observed in chiral smectic C (SmC¥*) phases of LC monomers and polymers.
More recently, antiferro-electricity and ferro-electricity have also been found
in smectic phases formed by achiral bent-core (banana) molecules.'® Smectics
have become progressively more competitive in display applications. Metallo-
mesogens have shown light induced optical non-linearities.'"* Remarkable
mesophases can be formed by detergents. The so-called ‘neat’ phase exhibits
sucessive sheets of lipid and water molecules. Biological membranes formed
by lipids and proteins play a crucial role in many living processes. Model
membranes formed with lipids and water have been used to mimic biologi-
cal systems. Insertion of proteins in model membranes is also possible.
Lyotropic phases of certain rod-like molecules with enough water to perserve
biological functions have been used to study weakly oriented proteins or
nuclei acids.'>'® The non-zero average of certain nuclear interactions can
then be used to gain structure information of biomolecules.

Nuclear Magnetic Resonance (NMR) spectroscopy has been shown to be
a powerful technique for studying both the structure and dynamics of liquid
crystals.'”” ' In general, NMR of solids and partially ordered systems show
three different dynamical ranges: extreme fast motion regime, intermediate
motion regime, and ultraslow motion regime. In the extreme fast motion limit,
the reciprocal of the characteristic time t for the motional process (e.g.,

exchange) is of the order of the Larmor frequency (wo/2n), i.e., 1/t>10% s~ !,



70 R.Y.DONG

and the NMR spectrum reflects an average spin Hamiltonian. For example,
deuterium NMR spectrum of deuterated LC shows resolved quadrupolar
doublets in nematic phases, which give the non-zero average quadrupolar
interaction at each deuterium site(s). Dynamics of molecules can be followed
by measuring nuclear spin relaxation rate(s). The ultraslow motion regime is
characterized by 1/T; <1/t <1/T,, where T; and T, are the spin—lattice and
spin-spin relaxation times, respectively. Here 1/7~10° s~ is too slow to
affect the NMR lineshape, and motions can be studied by two-dimensional
(2D) exchange experiments or some sort of magnetization transfer methods.
The intermediate motion regime is characterized by 1/t of the order of the
strength of spin interaction, which gives the observed NMR spectral pattern.
Here 7 (30-100 ps) is still larger than T, and dynamical information can be
derived from simulations of NMR spectral patterns. These three different
motional regimes have been realized in various mesophases. Proton spin—
lattice relaxation studies of thermotropic LC in the late 1960s** > played
a crucial role in identifying the unique collective dynamics known as
order director fluctuations (DF).** Later, DF involving two-dimensional
or three-dimensional thermal excitations were found to be important in
lipid bilayer dynamics.”> *’ Besides DF, it was soon realized”® that trans-
lational and rotational diffusions of mesogenic molecules also induce
nuclear spin relaxation as in normal liquids, although with certain motional
restrictions. Furthermore, spin relaxation due to internal bond rotations
in non-rigid molecules must also be taken into account. Deuterium NMR
relaxometry has been applied successfully to assess internal correlated
motions.'®

The present report is organized as follows: Section 2 provides a brief
overview of spin Hamiltonians and spin relaxation theory®” encountered in
LC studies; Section 3 gives a description of molecular ordering in LC,
while Section 4 outlines NMR techniques which have recently been used in
the LC field; Models for different molecular processes: DF, molecular
rotations (MR), translational self-diffusion (TD), and internal motions are
surveyed in Section 5; Section 6 describes NMR studies of oriented solutes
(mainly small molecules) in LC; Section 7 focuses on NMR studies of
thermotropics; Section 8 briefly surveys the corresponding advances in
lyotropics and weakly ordered biological molecules in lyotropics; Section 9
mentions a few other NMR studies, and the final section provides a brief
summary and outlook. It is not our aim to provide an exhaustive survey of
NMR literature of LC since 1996, but to highlight some recent advances in
the application of pulse NMR techniques to LC and to put a particular
emphasis on information obtained by NMR from newer and exotic LC
materials. The author will undoubtedly miss some interesting and useful
papers in this survey and would therefore express his regret on such oversights.
The reader is referred to many existing books'’**3* for a more complete
coverage of the literature.



ADVANCES IN NMR STUDIES OF LIQUID CRYSTALS 71
2. SPIN HAMILTONIAN AND RELAXATION THEORY

Molecules in ordinary liquids average out all anisotropic spin interactions due
to isotropic Brownian motions, and their NMR spectra are governed by the
Hamiltonian in units of Hz due to the Zeeman interaction, the isotropic
chemical shift (o) and the isotropic indirect spin—spin coupling (J)

Zy, (=0l ) iz + Y J5L; -1 (1)

i<j

where the external magnetic field B is along the laboratory z axis and the
superscript iso denotes the isotropic part of the tensorial quantities o and J.
The above Hamiltonian is not a true representation in LC due to the Tact that
molecules do not tumble isotropically and are partially oriented by an
intermolecular potential of mean torque as a result of their shape anisotropy.
Although molecules in ordinary liquids may be orientationally ordered by an
applied electric or magnetic field, such an effect is usually small in comparison
with that in a mesophase. Three main types of spin interactions of interest in
LC are: dipole—dipole, nuclear electric quadrupole, and chemical shielding
interactions. Nuclear quadrupolar interactions exist for spin 7>1/2. The
indirect spin—spin coupling is usually small in comparison to the direct
dipole—dipole interactions, but may be important in some solute studies.

2.1. Spin Hamiltonian

The spin interactions, dipole—dipole (D), nuclear electric quadrupole (Q) and
chemical shielding (CS), may be formally written in terms of irreducible
tensors of rank /** in Hz:

H, = C, Z Z( " T:* R )

I m=—I

where the rank /=0, 1, and 2 and the scalar factor C, is an appropriate
constant for the spin interaction labelled by A (Cp = —puoy1ysh/4n?, Co=eQ/
[h21(21 —1)], and Ccs=yy/2m). The spin operators 7! with order m for
A=D or Q in the laboratory (X, Y, Z) frame are
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1
T}, = F 5 (UzSs + 157)
1
Tzﬁ = Elisi 3)

For the heteronuclear dipole-dipole interaction, the spin I # S whereas for
the homonuclear dipolar or electric quadrupole interaction, I =S. For the
anisotropic chemical shielding interaction, the spin operators are

Tg = —IZB()/\/g
T} = /2/31,B,

T%, = F17By/2
Tiz =0

The coupling tensor Rfﬂ in the laboratory frame is time dependent due to
the motions of spin-bearing molecules. It can be expressed in terms of the
rotational transformation of the corresponding irreducible components o,
in the principal axis system (PAS) to the laboratory frame by

R, =D, (Qr)p) 4)

where D, (Qp,) denotes the Wigner rotation matrices and Qp, denotes the
Euler angles by which the laboratory frame is brought into coincidence with
the PAS. Now

oo =3/20,

pzil:()
Pﬁ—z AT

where A; and n, can be obtained from V;, the principal values of the coupling
tensor V. For the quadrupolar case, Ay =V, =eq, the electric field gradient
(ef2) and no=Vyy—Vxx)/V_zz the asymmetry parameter of the efg tensor,
while for the dipolar case, np=0 and Ap = (l/r?s), where r;g is the inter-
nuclear distance and the brackets denote a vibrational average. For both
these cases, ,08 = 0, while for the chemical shielding interaction, pg = —(o11+
02 +033)/V2=—(Tr 0 )/v2, Acs = o33 —1Tro and ncs=(02—011)/Acs
where 0,4 are the chemical shielding tensor elements. For other spin
interactions like spin-rotation and indirect spin—spin coupling, Eq. (2) still
applies (see Ref. 34).



ADVANCES IN NMR STUDIES OF LIQUID CRYSTALS 73

In the high-field limit, the dominant term in the overall Hamiltonian
H=H;+Hp+ Hyp+ H; is the Zeeman contribution. For a typical spectro-
meter operating at a moderate field (100 MHz), the Zeeman energy is
~10® Hz, while dipolar and quadrupolar interactions are rarely larger than
10° Hz, and indirect spin—spin couplings are no bigger than 10> Hz. Thus,
the off diagonal matrix elements of Hp+ Hp+ H; which couple different
I,=>:I;7 can be neglected to a good approximation. The implication of
the high-field approximation is that certain simplifications can be made
in the above tensorial spin interactions. As a result, the total Hamiltonian
in the (X, Y, Z) frame can be written as’’

BO iso
H= _EZ vill = 0iz2)liz + ;Jl’ L

- , 1
+ QDY+ T izl — il + 11

i<j

q; 2
—t 3, -1 5
R BTy e (R R )
where
iso 1

it =3Trd (6)
J?/niso — Jij,ZZ o Ji;o (7)

ani RoYivih
D — 47052(r]3-) P>(cos 6;) ®)

ij
q?niso — eQi:iZZ (9)

and 6 is the polar angle of the internuclear vector between the i—j spin pair
in the (X, Y, Z) frame.

2.2. Density matrix and relaxation theory

Nuclear spin relaxation is considered here using a semi-classical approach, i.e.,
the relaxing spin system is treated quantum mechanically, while the thermal
bath or lattice is treated classically. Relaxation is a process by which a spin
system is restored to its equilibrium state, and the return to equilibrium can
be monitored by its relaxation rates, which determine how the NMR signals
detected from the spin system evolve as a function of time. The Redfield
relaxation theory®® based on a density matrix formalism can provide
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analytical expressions for both the spin—lattice and spin—spin relaxation rates.
The ensemble averaged state of the spin system is specified by the spin density
matrix p and its evolution is governed by:

dp

— = —i[H, 10

Y [H, p] (10)
Consider a spin system whose spin Hamiltonian consists of a time-independent
Hamiltonian H, and a stochastic perturbation Hamiltonian H,(7) due to a
small spin—lattice coupling,

H = Hy+ H,(?) (11)

where the time averaged H,(¢) is non-zero and the fluctuations in H;(r) are
treated as a stationary random function. The spin—lattice coupling H,(f) can
be isolated by removing the static Hamiltonian H, (i.e., Zeeman interaction)
in the so-called interaction picture. The evolution of the density matrix in the
interaction frame p is given by

L i[BO - ). 7] (12
where the superscript tilde represents the corresponding operator in the
interaction representation, the angular brackets denote the time average,
and the square brackets denote the commutator.>”>”-*® The Hamiltonian H, (¢)
has double time dependences, one from its random character and the other
from being in the interaction representation, and

H, (1) = exp (iHot)H, (1) exp (—iHy?) (13)

Equation (12) can be integrated formally to give
t
5U)=ﬁ®)—iA[HK/%—UﬁUW,ﬁUﬂdﬂ (14)

Substituting Eq. (14) into Eq. (12), and neglecting any correlation between
the density matrix and the spin—lattice coupling Hamiltonian, one obtains to
first order

ap(t o0~ ~ ~ ~ -

PO = [0~ ) [t = 0 = (). 60 puT)de ()
where p(f) on the right side of the above equation has been replaced by
o(1) — peg with p,, being the thermal equilibrium density matrix determined
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by H,, i.c.,

e*Ho/kT

P = Trfe )

with k& being the Boltzmann constant, and the angular brackets over the
double commutator denote an average over all the molecules in the sample.
The time ¢ has to be chosen within the limits 7,.<r<7t, where t,. is the
correlation time of the random process, and 1/t gives the rate of change in
o(?). In the laboratory frame, T; is time independent and given in terms of
basis operators by Y., T’ , while in the interaction representation, it can be
shown that*

q " p.q°

o = YT )
q

where w), , are the characteristic frequencies arising through transforming to
the interaction picture and can be expressed in terms of a linear combination
of the resonant frequencies of the relaxing spin(s). Using Eqgs. (2), (13) in
Eq. (15) and the secular approximation, i.e., neglecting contributions from
rapidly oscillating terms, as well as the fact that H,(7) is Hermitian, one
obtains®

PO_ ey ST {0 =]
x fo <<R1’j(t+r)—<R§>)<Rl’,(z)—<R§,>)>e*fwwfdr (17)

At this point, only one type of H, is considered. To account for possible
interference effects or cross correlations among two different relaxation
interactions A and A’ with ranks / and /, respectively, the above equation
is modified to give®

Bp(l) Z Z CAC/\'[ - [T;,q’[)(t) B 'Z)eq]]

LI p.p'sq
x /0 <(R’ (t+71)— ( >)(R/(t)—< >)>e—fwv~qfdr (18)

where §,/, has been used for the random spatial coupling tensors inside the
angle brackets, and the operators are subjected to the conditions of same
rank, opposite orders and the same frequency. One can introduce a general
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definition for the correlation functions:

Gl = (Rl (¢ + ) = (R ) (R, = (R))) / o) (19)

When [/#£/, the above gives the so-called cross-correlation functions and
the associated cross-correlation rates (longitudinal and transverse). Cross-
correlation functions arise from the interference between two relaxation
mechanisms (e.g., between the dipole—dipole and the chemical shielding
anisotropy interactions, or between the anisotropies of chemical shieldings
of two nuclei, etc.).40 When /' =[/=2, one has the autocorrelation functions
G2 (1) or simply

Gul®) = (R + 0~ (R0~ ()2 o)

These describe the dynamics of a unique interaction component A,, and can
be used to simplify Eq. (17). For the special case of =0, R?, =

(=1)"D2,,(Q2p1)p} and G,,(7) reduces to a familiar form:

Gm(‘L’) = <( mO(QPL’ I+ 7:) ( )) (DiO(QPL’ t) - (Di10>)> (21)

Using the irreducible spectral densities of motion J,(®,,,) as the Fourier
transform (F.T.) of G,,(7), one can rewrite Eq. (17) as

Bp(t) CA P ZZJ Oy [ _qu,[ mq,p(t) ﬁeq]] (22)

where

00
Jm(wm,q) 2\/0 Gm(f)eiiwm'qrdf (23)

Similarly, for the case of cross-correlations one has

Bp(l) Z Z ardry wpq [ g [Tl{%q’ p() = 'E)Bq]] %)

Il ppa

where a;; = Cy, C;Lp{; p{] and the spectral densities J;(w), ;) are defined in terms
of the cross-correlation functions as in Eq. (23). The evolution of density
matrix in the laboratory frame is simply given by

BL(Z) —i[Hy, p(1)] — ZZQHJI' \Wp.q [ - [inyq’p(t)_p"”]] 25)

at
Il p.pa
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Now the expectation (mean) value of any physical observable (A(7)) =
Tr{Ap(t)} can be calculated using Eq. (22) for the auto-correlation case
(I'=1). For instance, A can be one of the relaxation observables for a spin
system. Thus, the relaxation rate can be written as a linear combination of
irreducible spectral densities and the coefficients of expansion are obtained
by evaluating the double commutators for a specific spin—lattice interaction A
in the auto-correlation case. In working out G,,(7) [e.g., Eq. (21)], one can
use successive transformations from the PAS to the (X, Y, Z) frame, and the
closure property of the rotation group to rewrite D2,(Q2pz) so as to include
the effects of local segmental, molecular, and/or collective motions for
molecules in LC. The calculated irreducible spectral densities contain, there-
fore, all the frequency and orientational information pertaining to the studied
molecular system.

2.3. Cross-relaxation and auto-relaxation rates
Using Eq. (25) and applying the following trace property twice
Tr{A[B, C]} = Tr{[4, B]C},

viz.

ol [Tt ]| = ][0 7 )
=1ef[[0. 7, ] 70, ] (o0 — 2

the time evolution of a NMR observable Q is*’*

%(Q(Z)) = —i{[Q, Hol)t — Z Z andr )(wp.q)

Il ppg
Al rlo- ([l 7 )} eo

The double commutator [[Q, T" vl Tf,qq] may form new operators different
from Q, and some of these new operators may not even be physical
observables. When the double commutator conserves the operator Q, one
speaks of the auto-correlation mechanism. Otherwise, one speaks of the
cross-relaxation process. In other words, cross-relaxation is independent of
the nature of the relaxation mechanism, but involves the interconversion
between different operators. To facilitate such a possibility, it is desirable to

write the density operator in terms of a complete set of orthogonal basis
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.38
operators Bj:

N
p(1) =Y bi1)B; 27)
i=1

where N =2" for a n spin system, and the expansion coefficients b; = (B;[p(?)).
Now Eq. (25) can be rewritten in a matrix form as:

d ) .
o br(0) = Z{zsz,,sbs(z) — Rys[by(0) — 2]} (28)
where the frequency €2, is given by
_ (B/I[Ho, B.])
" (B)|B;)

and the relaxation matrix element R, is

PSP ot

Il op'pg

When r # s, one has interconversion between operators B, and B, and R, is
a cross-relaxation rate. Note that the cross-relaxation may or may not contain
interference effects depending on the indices / and /, which keep track of
interactions C; and C,. Cross-correlation rates and cross-relaxation rates
have not been fully utilized in LC. However, there is a recent report*' on this
subject using both the '*C chemical shielding anisotropy and C-H dipolar
coupling relaxation mechanisms to study a nematic, and this may be a fruit-
ful arena in gaining dynamic information for LC. We summarize below some
well known (auto-)relaxation rates for various spin interactions commonly
encountered in LC studies.

2.3.1. Dipole—dipole relaxation

To study dipole—dipole relaxation, one must distinguish between homonuclear
and heteronuclear (unlike) spin-% pairs. The latter gives rise to the so-called 3/2
effect.”” For an isolated pair of like spin-% nuclei (I=1) separated by an
internuclear distance r, the treatment of spin relaxation is identical to that
for a spin-1 quadrupole system. The Zeeman spin—lattice relaxation time 7
and spin—spin relaxation time 7, are given, respectively, by

Tiy = KplJi(a) + 422a0)] (29)

75" = Kp BJO(O) +§Jl (@) +Jz(2wo)} (30)
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where in the SI units Kp = (3/2)(ioy’hi/4mr’)?. The dipolar spin-lattice relaxa-
tion time 7)p accounts for the energy transfer from the dipolar order to
the lattice, and can be determined using the Jeener-Broekaert (JB) sequence
900 — 7 —45) — 1 — 450 In LC, relatively fast diffusive motions of neigh-
bouring molecules average out the intermolecular dipolar interactions. The
proton system may sometimes be treated as an ensemble of isolated spin
pairs. In this limit and under the high spin-temperature approximation®’

TTL% — KD[SJl(a)O)inzra] e

where the subscript intra in Ji(wp) is to emphasize the contribution from an
isolated spin-% pair within a molecule (and only the first nearest neighbouring
spin yields a major contribution). The validity of Eq. (31) is questioned,*
as the prediction of T'2/T1p=3 in the limit of negligible J>(2w,) is seldom
observed in proton relaxation experiments on LC. Thus, possible contributions
to T p from multi-spin interactions and correlations have been examined,**
but found to be negligible. Equation (31) has recently been modified by
removing the short correlation time approximation, i.e., the secular dipolar
Hamiltonian is now combined with the Zeeman Hamiltonian to work out the
time dependences of the spin operators in the Redfield high temperature
theory.* The complex problem of spin correlations and dipolar relaxation
without the high spin-temperature approximation has also been addressed,
i.e., including second (and higher) order in fiw/kT.*

For heteronuclear dipolar relaxation, the dipole—dipole coupling between
two unlike spin-% nuclei 7 and S (e.g., ?C—H pair) separated by an internuclear
distance r;g is considered. The Zeeman spin-lattice (7'z) and spin—spin (75)
relaxation times for the 7 spin are given, respectively, by

|
T, = gKD[Jo(aH — ws) + 3J1(w;) + 6J2(w; + ws)] (32)

1,
Ty = EKD[4J0(O) + Jo(wr — ws) + 3J1(wp) + 6J1(ws) + 6.J2(wr + ws)] (33)

where Ky = (3/2)(1oyrysh/4nris).
2.3.2. Quadrupolar relaxation (I=1)

The spin-lattice relaxation rate of the Zeeman order, i.e., (I;) and of the
quadrupolar order, i.e., (32 — 2), can be shown to follow respective expres-
sions in terms of J,,(mw)*’

1y = KolJ1(wp) + 4J2(2ap)] (34)

Ty = Ko[37:2w)] (35)
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where I<Q=(31r2/2)(e2qQ/h)2 with e’qQ/h being the quadrupolar coupling
constant, and the asymmetry parameter n for the quadrupolar coupling is
assumed to be zero. For deuteron or nitrogen-14, there are three spin eigen-
states |1), |0) and | —1) for the static Hamiltonian, whose corresponding
populations are P;, Py, and P_;. While the Zeeman order is given by the
population difference P; — P_;, the quadrupolar order involves a linear
combination of all populations 2Py— P, —P_;. The T, and Ty can be
simultaneously measured using the JB pulse sequence or its broadband version
given by the Wimperis sequence.*® Note that the secular (m=0) spectral
density, which contains information about molecular motions on all time
scales (within the motional narrowing limit), is not involved in 7. The non-
secular (m=1, 2) spectral densities are affected by motions on a time scale
faster than the reciprocal Larmor frequency (typically<10~7 s). To investi-
gate slow motions (typically>10 "7 s), one can do field cycling experiments
at low Larmor frequencies, or measure the spin—spin relaxation rates 7. Three
independent spin—spin relaxation times can be measured for deuteron(s)*’

Ty = K, BJO(O) +§J1 (o) +Jz(2wo)} (36)
T3l = Ky BJO(O) 3 i(ov) +Jz(2w0)} (37)
Typ = KolJi(wo) + 2J2(2w0)] (38)

The spin—spin relaxation time 75, can be measured by a quadrupolar echo
pulse train 905 — v — 907 — (27 — 90)),, if the pulse spacing 7 <« 2/Av is satisfied
(i.e., the deuteron spin relaxes as if the quadrupolar splitting Av is absent or if
a non-selective excitation is achieved). Due to the large quadrupolar splitting
often encountered in LC, the above condition for 7 cannot be fulfilled experi-
mentally and the two lines relax independently (i.e., T>2/Av or selective exci-
tation of half of the doublet exists). The quadrupolar echo pulse train then
measures’’

5 = K, EMO) +271(0) +Jz(2wo)} (39)

Finally, the double quantum (DQ) spin—spin relaxation time 7,, can be
determined using the pulse sequence 903 — v —45) — 907 — 7 — 45;’,.5 ' The first
three pulses create the DQ coherence, and the last read pulse converts the
DQ to a single quantum coherence for detection.

2.3.3. Chemical shielding anisotropy relaxation

The magnetic field at a resonant nucleus depends on the applied external B
field, as well as the screening of the applied field at the nucleus by its
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surrounding electrons. As the shielding (or chemical shift) tensor o is
anisotropic, its principal components oyy, oyy, and o, are different. The
relaxation rates due to the chemical shielding anisotropy (CSA) depend on the
square of the applied B, field. Hence the chemical shielding tends to dominate
at high fields and for nuclei exhibiting large chemical shifts. Suppose o is
axially symmetric, i.e., 0zz =0 and oxy=0yy=0,. The fluctuating magnetic
field due to CSA Ao =0 — o, at a nucleus can cause spin-lattice and spin—
spin relaxation, giving

Ti) = *6.J1(e0) (40)
T,' = A[4J0(0) + 371 ()] 1)

where ¢> = (yByAo)?/9. In the case of non-axial CSA tensor, the Zeeman spin—
lattice and spin—spin relaxation time rates are given, respectively, by Egs. (40)
and (41) except the prefactor ¢’ is replaced by

> 1 2 ’7(2;\~
¢ :§(yB0Ao) 1—{—?‘ (42)

where Ao =033 — (0254 0711)/2. In the fast motion limit, both spin—lattice and
spin—spin relaxation rates show a quadratic field dependence, while in the
slow motion regime, the spin—lattice relaxation rate becomes independent of
the magnetic field and the spin—spin relaxation rate still retains a quadratic
field dependence.

3. MOLECULAR ORDERING IN LC

One of the characteristic features of mesogenic molecules in uniaxial
mesophases is their orientational order specified by a set of order parameters,
which forms a symmetric and traceless order matrix S. For rigid molecules,
the elements of order matrix S,g, defined by Saupe,’* are given by

Sap = %(3005 0-40-8 — ‘Saﬁ> “43)

where 0. , is the angle between the Z axis (along n) and « axis, «, =X, y or z
of a molecule-fixed frame, and the ensemble average is carried out by a time
average of individual molecules over their tumbling motions in the same
domain of the sample. In a magnetic or electric field of sufficient field
strength, different domains of nematic and some smectic LC can align macro-
scopically to give a single domain sample. Since S,s=Sg, and ), Soe =0,
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there are five independent order parameters:

.. = (3cos’0 —1)/2
S — Syy = 3(sin’6 cos’¢) /2
Sy, = 3(sin’0 sin2¢)/4 (44)
SX'Z = 3(sinfcos 6 cos ¢)/2
S,. = 3(sinfcossin ¢p)/2

where the polar angles (6, ¢) specify the Z axis (the director) in the molecular
(x,y,z) frame. The number of non-zero, independent elements of S,z depends
on the point group symmetry of the molecule. For molecules with C, and C;
symmetry, all 5 order parameters are non-zero. On the other extreme, one has
one order parameter S=.S.. for rigid ellipsoids of axial symmetry (C3 and
higher symmetry). Two order parameters S.., and Sy — S, exist for molecules
with C,,, D, and D,;, symmetry, while S.., S, —S,, and S, are non-zero for
molecules with C,, C,,, and C, symmetry. For non-rigid molecules, order
parameters can be defined for individual molecular segments. Alternatively,
one needs to consider all possible conformers available to the molecule and
to apply statistical models.'”** For any secondrank tensor element A, the
partial average of its component along the director (n||Z axis) in uniaxial
mesophases can easily be shown to give

2
(Azz) = Ao +3 Z SupAap (45)

where A4y = %TrA and is independent of the axis system chosen. For the
chemical shielding tensor and the indirect spin—spin interaction 4= 0" and
Ay = Jtlso, respectively, while 4, vanishes for the dipole-dipole and quadru-
polar interactions. Equation (45) is a result of tensor transformation from
the (X, Y, Z) frame to the molecular (x, y, z) frame. To express the molecular
properties in the spin Hamiltonian using S, one can write for the chemical
shielding

Oz = O.@so + O,gmiso (46)

1 1

dmso Z Sutﬂaz op (47)
Similarly, one obtains for the indirect spin—spin interaction
, 1
SO __
5 =3

2
JiRiso = 3 Xﬂ; Suplijap (49)

(ioex + iy + Jiizz) (48)
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for the dipole—dipole interaction
A 2
aniso __ .
Dij -3 ; SapDijap (50)
and for the quadrupolar interaction
g =3 Z Supdi (51)

Eqgs. (46)—(51) can be used in Eq. (5) to give the average Hamiltonian in the
laboratory frame in terms of the order parameter tensor. The NMR spectrum
arising from Eq. (5) can provide a means to determine the orientational
ordering of molecules in uniaxial LC.

To consider the effect of tilting the director away from the magnetic field, let
the director n tilt at an angle g w.r.t. the B, field(Z axis). Equation (45)
is modified due to an additional coordmate transformation (i.e., (X, Y, Z2) —
director frame — (x, y, z)) to give

1 2
(Azz) = Ao + [5 (3cos?B — 1)] 3 DZ,; SupAup (52)

This equation indicates that the average anisotropic part of A4 along the
magnetic field is now scaled by a reduction factor P-(cos B). As a consequence
of the director tilt, the total Hamiltonian becomes

B .
- 2—22 yiliz(1 — 0 — Py(cos Poi™™) + Y 501, - 1

i<j

+ ZPQ(COS ﬁ)(ZDamso + Jtmso>|: IZIJZ

i<j

+ Z P>(cos ﬁ)m (31122 - L lj) (53)

1
I i - + I |

In applying Eq. (53), one must keep in mind the following conditions:
(1) rotational motions of molecules are fast on the NMR time scale, (2) the
director dynamics are governed by the magnetic torque and the mechanical
motion of the sample if any, and (3) the magnetic field is sufficient to quantize
the nuclear spin. Under mechanical spinning of the sample about a spinning
axis © which is tilted at an angle n w.r.t. By (Fig. 1), the behaviour of the
director is governed by the anisotropy in the diamagnetic susceptibility Ay, the
magnetic and viscous torques, and the spinning speed w, of the sample. This is
because the potential energy of the director alignment depends on P,(cos f)
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Fig. 1. Plot of the orientations of director and spinning axis of a rotating sample
w.r.t. the external magnetic field.

and Ay (see below). When the sample with Ax>0 is spun at w,>w,
(w. = AxB3/y1 is a characteristic frequency and y, is the Leslie rotational
twist coefficient), the director has no time to orient parallel to By, but would
orient to minimize the average potential energy (or cos>g) over one cycle of
the rotation. Suppose the director has polar angles § and ¢ in the principal
frame of the bulk liquid crystal, defined by the spinning axis Q (see Fig. 1).
It can be shown that

cos B = cosncosd + sinnsind cos (w,t + @)

and

2 2
Py(cos f) = (3 coszn - 1) (3 cos28 - 1) (54)

For nematics with Ax>0 and spun at w,>w,, the director tends to align
along Q (§=0) when n<6,, (magic angle 6,, is 54.7°), or the directors are
distributed in a plane perpendicular to Q (§=90°) when n>6,,. If Ax <0, the
above conditions for n would reverse. Whe